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Abstract. To every singular reduced projective curve X one can associate, following E. Esteves, many 
fine compactified Jacobians, depending on the choice of a polarization on X, each of which yields a 
modular compactification of a disjoint union of the generalized Jacobian of X. We prove that, for a 
reduced curve with locally planar singularities, the Fourier- Mukai transform with kernel the Poincare 
sheaf from the derived category of the generalized Jacobian of X to the derived category of any fine 
compactified Jacobian of X is fully faithful, generalizing a previous result of D. Arinkin in the case of 
integral curves. As a consequence, we prove that there is a canonical isomorphism (called autoduality) 
between the generalized Jacobian of X and the connected component of the identity of the Picard 
scheme of any fine compactified Jacobian of X and that algebraic equivalence and numerical equivalence 
coincide on any fine compactified Jacobian, generalizing previous results of Arinkin, Esteves, Gagne, 
Kleiman, Rocha. 

The paper contains two Appendices: in the first one, we explain how our work can be interpreted 
in view of the Langlands duality for the Hitchin fibration as proposed by Donagi-Pantev; the second 
one (due to Ana Cristina Lopez Martin) contains a fully faithful criterion for Fourier-Mukai transforms 
\ that we use in the proof of our main theorem. 
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1. Introduction 

Let C be a smooth irreducible projective curve over an algebraically closed field k and let J{C) be 
its Jacobian variety. Then J(C) is an abelian variety that carries lots of information about the curve 
itself. Among abelian varieties, Jacobians have the important property of being "autodual" , i.e., they are 
canonically isomorphic to their dual abelian varieties. This is equivalent to the existence of a Poincare 
line bundle V on J(C) x J(C) which is universal as a family of algebraically trivial line bundles on J(C). 
In the breakthrough work |Muk81| . S. Mukai proved that the Fourier-Mukai transform with kernel V is 
an auto-equivalence of the bounded derived category of J{C) 0- 



Key words and phrases. Compactified Jacobians, Fourier-Mukai transform, autoduality, Poincare bundle, Abel map. 

^More generally, for an arbitrary abelian variety A with dual abelian variety , Mukai proved that the Fourier-Mukai 
transform associated to the Poincare line bundle on A X gives an equivalence between the bounded derived category of 
A and that of . 
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The aim of this paper and its sequel |MRV2j is to extend these results to fine compactified Jacobians 
(as defined by E. Esteves in |Est01j ) of reduced projective curves with locally planar singularities. The 
case of integral (i.e. reduced and irreducible) projective curves with locally planar singularities was dealt 
with by D. Arinkin in [Arillj and [Ari] . generalizing previous partial results of Esteves-Gagne-Kleiman 
|EGK02) and Esteves-Kleimann |EK05| for integral projective curves with double point singularities. 
Moreover, the autoduality result has been recently extended by Esteves-Rocha [ER| to tree-like curves, 
i.e. curves with locally planar singularities such that the unique singular points lying in more than one 
irreducible component are separating nodes (e.g. nodal curves of compact type). 

The main motivation for this work comes from the (conjectural) Langlands duality for the Hitchin 
fibration associated to the group GL^ (as introduced by Donagi-Pantev in |DP12| ). which in particular 
predicts a Fourier-Mukai autoequivalence of the bounded derived category of fine compactified Jacobians 
of spectral curves. In an appendix of this paper, we recall the description of the fibers of the Hitchin 
fibration in terms of fine compactified Jacobians of spectral curves (see Fact 113. 3p andt the (fiberwise) 
Langlands duality for the Hitchin fibration (see Conjectures 113.51 and 113. 6p . In the sequel to this work, 
we will prove Theorem E below, which will give a positive answer to Coniecture ll3.6l for reduced spectral 
curves (i.e. on the so-called regular locus of the Hitchin fibration), extending the work of Arinkin for 
integral spectral curves (i.e. on the so-called elliptic locus of the Hitchin fibration). 

Before stating our results, we need to briefly recall how flne compactified Jacobians of singular curves 
are defined. 

1.1. Fine compactified Jacobians of singular curves. Let X be a reduced (projective) curve. The 
generalized Jacobian J{X) of X is the connected component of the Picard scheme of X containing the 
identity. It is not difficult to see that J{X) is a smooth irreducible algebraic group of dimension equal to 
the arithmetic genus PaiX) of X , parametrizing line bundles on X that have multidegree zero, i.e. degree 
zero on each irreducible component of X . However, for a singular curve X, the generalized Jacobian J{X) 
is rarely complete. The problem of compactifying it is very natural and it has attracted the attention of 
many mathematicians, starting from the pioneering work of Mayer-Mumford and of Igusa in the 50's, till 
the more recent works of Oda-Scshadri, Altmann-Kleiman, Caporaso, Pandharipande, Simpson, Esteves, 
etc.. (we refer to the introduction of [EstOl] for an account of the different approaches). 

Here we will consider Esteves's/ine compactified Jacobians, as constructed by E. Esteves in |Est01| . 
We briefly review the definition of Esteves's fine compactified Jacobians of a reduced curve X (following 
the notation introduced in [MVl2j ): we refer the reader to ij2.2l for more details. A polarization on 
X is a tuple of rational numbers q = {q^ }, one for each irreducible component C; of X, such that 
l^l := X^i^c ^ ^- ^ torsion-free rank-1 sheaf / on X of degree degl := x{I) — x{Ox) equal to \q\ is 
called q-semistable (resp. q-stable) if for every proper subcurve Y a X, we have that 



Ci<ZY 



where 4t^{Y r\ X \ Y) is the scheme-theoretic intersection of Y with its complementary subcurve X\Y 
and degy (/) is the degree of the biggest torsion- free quotient of the restriction I\y oi I to the subcurve 
Y . A polarization q is called general if there are no strictly q-semistable sheaves, i.e. if every g-semistable 
sheaf is also q-stable (see Definition 12 .61 for a numerical characterization of general polarizations). A fine 
compactified Jacobian of X is the fine moduli space Jx{q) of torsion- free rank-1 sheaves of degree \q\ on 
X that are g-semistable (or equivalently q-stable) with respect to a general polarization q on X. Indeed, 
it is known that J x{q) is a projective scheme over k (see Fact 12.11]) on which the generalized Jacobian 
J{X) of X acts naturally by tensor product. It is easy to see that if the curve X is integral, then all 
the fine compactified Jacobians of X are isomorphic among them (because all of them are equivalent by 
translation in the sense of Definition I2.13p . However, this fails for reduced non- irreducible curves: the 
authors have found some explicit examples of nodal curves which admit non-isomorphic fine compactified 
Jacobians (details will be published somewhere else). 

If the curve X has locally planar singularities, then we can prove that any fine compactified Jacobian 
J x{q) of X has the following remarkable properties: 

• J x{q) is a reduced scheme with locally complete intersection singularities (see Corollarv l2. 12tlil) ) : 
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• The smooth locus of Jx{q) coincides with the open subset Jx{q) Q Jx{q) parametrizing hue 
bundles; in particular Jxil) is dense in Jx{q) and Jx{q) is of pure dimension equal to PaiX) 
(see Corollary HHHnl) andlml)); 

• Jx{q) is connected (see Corollary 14.41) : 

• Jx{q) has trivial duahzing sheaf (see Corollary 14.5^ : 

• Jxil) is the disjoint union of a number of copies of J{X) equal to the complexity c{X) of the 
curye X (in the sense of Definition 14. lOp : in particular, Jx{q) has c{X) irreducible components, 
independently of the chosen polarization q (see Corollary I4.12p . 

In the proof of all the above properties, we use in an essential way the fact that the curve has locally planar 
singularities and indeed we expect that many of the above properties are false without this assumptions 
(see also Remark [23) • 

After these preliminaries, we can now state our main results. 

1.2. Main results. Since any fine compactified Jacobian Jx{q) of X is a fine moduli space for certain 
sheaves (as the name suggests), there exists a universal sheaf I on X x Jx{q)- Using this universal sheaf 
and the formalism of the determinant of cohomology, it is possible to define a Poincare line bundle V on 
J x{q) X J{X)\ we refer the reader to !j8]for details. 

Our first result concerns the Fourier-Mukai transform with kernel V . This result can be seen as a 
first partial generalization of the above mentioned result of Mukai |Muk81| in the case of Jacobians. In 
Theorem E below (whose proof will appear in |MRV2) ) . we will give a second and more satisfactory 
generalization. 

Theorem A. Let X he a reduced curve with locally planar singularities over an algebraically closed field 
k. Let J{X) be the generalized Jacobian of X and let Jx{q) be a fine compactified Jacobian of X . Denote 
by D^{J{X)) and D''{Jx{q)) the bounded derived categories of J{X) and J x{q), respectively. Let V be a 
Poincare line bundle on Jx{q) x J{X). Then the Fourier-Mukai transform (or integral transform) with 
kernel V 

<^'^ : D\J{X)) D\lx{q)) 

£' ^ Iipi,{pl{£')®V) 
is fully-faithful, where with pi we denote the projection of J x{q) x J{X) on the i-th factor. 

As a corollary of Theorem A, we can compute the cohomology of the line bundles Vm '■= ^|jx{m} 
on Jx{q), as M varies in J{X), generalizing the classical result for abelian varieties (see |Mum70i Sec. 
13]). 

Corollary B. Same assumptions as in Theorem A. For any M e J{X), let Vm '■— T^\jx{q)x{M} ^ 
T'ic{Jx{q)). Then we have that 



W(Jx{q),rM) 



ifM^pxl 
^A'H\X,Ox) ifM^px]. 

As we mentioned in the introduction, Jacobians of smooth curves are autodual. In other words, given 
a smooth projective curve C, its Jacobian J(C) is canonically isomorphic to the dual abelian variety 
which, by definition, is equal to Pic°( J(C)), i.e. the connected component of the Picard scheme of J(C) 
containing the origin. Our next result is a generalization of this autoduality result to fine compactified 
Jacobians. 

Theorem C. Same assumptions as in Theorem A. The morphism 

/3, : J(X) — >Pic°(Jx(g)) 

is an isomorphism of algebraic groups. 

Finally, it is well known that a line bundle on an abelian variety A is algebraically equivalent to 
zero if and only if it is numerically equivalent to zero (see |Mum70l Cor. 2, p. 178]). In other words, 
the connected component Pic°{A) of the Picard scheme Pic(A) of A containing the identity (which also 
parametrizes line bundles algebraically equivalent to zero) coincides with the open and closed subset 
Pic^(A) C Pic(A) parametrizing line bundles numerically equivalent to zero. We prove that the same 
holds true for fine compactified Jacobians. 
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Theorem D. Same assumptions as in Theorem A. Then we have that 

Pic°(J) = Pic^(J). 

Note that the above Theorem D is new even for irreducible curves in positive characteristic: the proof 
of Theorem D for irreducible curves by D. Arinkin (see [Arilli Prop. 12]) uses in a crucial way that 
char(fc) = 0. 



In our forthcoming paper |MRV2j , we will use the results of this paper to prove the following theorem, 
which can be seen as a strengthening of Theorem A and a further generalization of Mukai's result in 
[MukSlj to the case of singular curves. 

Theorem E ( [MRV2) ) . Same assumptions as in Theorem A. There exists a (naturally defined) Cohen- 
Macauly sheaf P on Jx{(l) x Jx{q) such that the Fourier-Mukai transform (or integral transform) with 
kernel V 



^'^ ■.D\Jx{q)) 



E' 



D\Jx{g)) 
IipUpl{£')®V) 



is an equivalence. 



Note that Theorem E provides a positive answer to Conjecture 113.61 for reduced spectral curves, at 
least in the case where the degree d and the rank r of the Higgs bundles are coprime (see Remark ll3.4p . 

1.3. Sketch of the proofs. Let us now give a brief outline of the proofs of the main results, trying to 
highlight the main ingredients that we use. 

Theorem A follows (using a fully-faithfulness criterion for Fourier-Mukai transforms due to A. C. 
Lopez Martin; see Appendix B) from the formula 

(1.1) Rp2*V = k{0)[~g] 

where k(0) denotes the skyscraper sheaf supported at the origin — [Ox] G J{X), 9 = PaiX) is the 
arithmetic genus of X and p2 : J x{q) x J{X) J{X) is the projection onto the second factor. Indeed, 
formula (|1.1[) is a generalization of a well-known result of Mumford (see |Mum701 Sec. III. 13]) for abelian 
varieties which was indeed the crucial step for the celebrated original result of Mukai |Muk81| . 

In order to prove (II. ip . the key idea, which we learned from D. Arinkin in Arill] and jAri|^ . is to 
prove a similar formula for the effective semiuniversal deformation family of X (see ii3.3l for more details): 



X^ 



■X 



Spec k^ ^ Spec Rx. 

The generalized Jacobian J{X) and the fine compactified Jacobian Jx{q) deform over Spec Rx to, 
respectively, the universal generalized Jacobian v : J{X) — > Spec Rx (see Fact 14. 6p and the universal 
fine compactified Jacobian u : Jx{q) — ^ Spec Rx with respect to the polarization q (see Theorem 14.21) . 
Therefore we get the following commutative diagram 



(1.2) 



Jxiq) XSpccRx 



J{X) 




Jx{q) 



Spec Rx 



where C, is the zero section of v. Moreover, the Poincare line bundle V on J x{q) x J{X) deforms to the 
universal Poincare line bundle P"" on the fiber product J x{q) XspocRx (see i}TU)) . 



In loc. cit., D. Arinkin considers the stack of all integral curves with locally planar singularities, which is of finite type. 
Here, we replace this stack with the semiuniversal deformation space of X since the stack of all reduced curves with locally 
planar singularities is not of finite type. 
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Equation (jl.ip will follow, by restricting to the central fiber of v, from the following universal version 
of it (which we prove in Theorem lll.ip : 

(1.3) RM'Pn ^ UOspecn^n-g]. 
A key intermediate step in proving p.3p consists in showing that 

(*) i?M*(7'"") = is a Cohen-Macaulay sheaf such that supp(i?9u*(7'"")) = Im(C). 

The proof of (*) has two main ingredients. The first ingredient is the study of the cohomology of the 
line bundles Vm G Pic( Jx('?)), for M G J{X)^ see SectionjS] Here, we use in an essential way the Abel 
map Ai^ : X — > JJjj^, for L S Pic(X), with value in the scheme Jx parametrizing all simple torsion- free 
rank-1 sheaves on X; see section [S] The second ingredient is the equigeneric stratification of Spec Rx, 
i.e. the stratification of Spec Rx according to the arithmetic genus of the normalization of the fibers 
of the universal family X — >■ Spec Rx- As shown by Teissier [TeiSO] and Diaz- Harris |DH88| . if X has 
locally planar singularities (as in our case) then each equigeneric stratum has the expected codimension 
and all its generic points correspond to nodal curves (see Fact I3.3P . These properties allow us to prove 
(*) over the generic points of each equigeneric stratum, using in an essential way Theorem C for nodal 
curves; see Section [TUl 

The proof of Theorem C follows the same idea of using the semiuniversal deformation family X — > 
Spec Rx of X. The map /?q of Theorem C deforms over Spec Rx to a homomorphism 

(1.4) J(A')^Pic°(J;,(q)) 

between two group schemes which are smooth, separated and of finite type over Spec Rx (see Fact 14.61 
and Theorem 15.1 tpv|) ) . We note here that the representability of Pic°{Jx{q)) and its smoothness over 
Spec Rx (proved in Theorem 15 . H|ivp ) use in a crucial way the fact that 

(**) h\jxiq),Oj^^^^j)^Pa{X). 

Formula (**) can be proved for nodal curves using results of Alexeev-Nakamura jAN99| and Alexeev 
|Ale04) on some special degenerations of abelian varieties called stable quasiabelian varieties (this is 
exactly what allows us to prove Theorem C for nodal curves in Section [TU] before proving Theorem 
A). For an arbitrary curve X with locally planar singularities, formula (**) follows from Corollary B, 
hence from the Fourier-Mukai type result of Theorem A. A direct proof of (**) would allow to give a 
Fourier- Mukai's free proof of Theorem C (and also of Theorem D as we will see below). 

In Theorem 110.21 we prove that the map /3^" is an isomorphism (assuming that (**) holds true), 
which therefore implies Theorem C restricting to the closed point of Spec Rx- The proof of Theorem 
110.21 uses the fact (due to Esteves-Gagne-Kleiman |EGK02j ) that ^™ is an isomorphism over the open 

subset U C Spec Rx (whose complement has codimension at least two by Lemma 13.51) of curves having 
at most one node, which combined with Van der Waerden's theorem on the purity of the ramification 
locus and Zariski's main theorem, gives that is an open embedding, hence an isomorphism. 
Finally, let us give a sketch of the proof of Theorem D, which we be given in Section [T^ 
In Theorem ll2.11 we will first prove Theorem D in the special case where the fine compactified Jacobian 
Jx{q) admits an Abel map, i.e. if there exists L G Pic(X) such that ImAL C Jx(q) (see Definition 16. 8p . 
Indeed, this hypothesis is quite restrictive for a fine compactified Jacobian since in general only of them 
will admit an Abel map (see e.g. Proposition 17.41) . Once again, the strategy will be to work on the 
semiuniversal deformation family X — > Spec Rx- Indeed, we can deform the line bundle L S Pic(A") 
that gives the Abel map Al : X Jx{q) to a line bundle £ on A" in order to obtain a universal Abel 
map Ac : X Jxil)- By taking the pull-back via Ac, we obtain the following commutative diagram 
of group schemes (all of which are smooth, separated and of finite type over Spec Rx, by Fact 14.61 and 
Theorem ET]): 

(1-5) Fic^iJxiq)) 




J{X) 



Pic°(J;t(g)) 
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where i is the natural open embedding and A*£° is an isomorphism since it is the right inverse of /3™ (by 
ProDOsition l8.5p . which is an isomorphism by Theoreni ll0.2l The morphism A*^'^ is an isomorphism over 
the open subset U C SpecRx of curves having at most one node (as it follows from ^EGK02j); using that 
SpecRx \U has codimension at least two, together with Van der Waerden's theorem on the purity of the 
ramification locus and Zariski's main theorem, we conclude that A^'^ is an open embedding, hence an 
isomorphism. Therefore i must be an equality and Theorem D in this special case follows by restricting 
to the closed point of Spec Rx- 

In order to prove Theorem D in the general case, i.e. if Jx (?) does not admit an Abel map, we consider 
another fine compactified Jacobian J x{q') of X that does admit an Abel map (such a fine compactified 
Jacobian Jx{q') exists by Corollary I6.9t lii))') and we are able to deduce Theorem D for Jx{<l) knowing 
that it does hold true for Jx{q') (by Theorem 112. The key ingredient is to compare their universal 
fine compactified Jacobians Jx{q) and Jx{q') by showing that their are isomorphic over the open subset 
U C Spec Rx of curves having at most one node (see Lemma 112.21) . We refer to Section [T^] for more 
details. 

1.4. Outline of the paper. The paper is organized as follows. 

Section [5] is devoted to collect several facts on fine compactified Jacobians of reduced curves: in H2.ll 
we consider the scheme ^x parametrizing all simple torsion- free rank-1 sheaves on a curve X (see Fact 
12. 2[) and we investigate its properties under the assumption that X has locally planar singularities (see 
Theorem 12. 3^ : in i j2.21 we introduce fine compactified Jacobians of X (see Fact I2.1T|) and study them 
under the assumption that X has locally planar singularities (see Corollary 12. 12p . 

Section [3] is devoted to recall or prove some basic facts on deformation theory: we start with the 
deformation theory of a curve X (see H3A^ and then we continue with the deformation theory of a pair 
{X,I) consisting of a curve X together with a torsion- free, rank-1 sheaf / on X (see H3.2^ . Finally, in 
H'S.'Sl we study the semiuniversal deformation spaces for a curve X and for a pair {X, I) as above. 

In Section we introduce the universal fine compactified Jacobians relative to the semiuniversal 
deformation of a curve X (see Theorem 14.21) and study it under the assumption that X has locally 
planar singularities (see Theorem 14. 3p . In MAI we use a result of J. Kass in order to prove that the 
pull-back of any universal fine compactified Jacobian under a 1-parameter regular smoothing of the curve 
is a compactification of the Neron model of the Jacobian of the general fiber (see Fact 14. 9( ): a formula 
for the number of irreducible components of a fine compactified Jacobian follows (see Corollarv l4.12l) . 

Section [5] is devoted to study the representability of the relative Picard scheme of the universal fine 
compactified Jacobians and of its subfunctors parametrizing line bundles that are fiberwise algebraically 
or numerically equivalent to the trivial line bundle (see Theorem 15. ip . 

In Section [HI we introduce Abel maps: first for curves that do not have separating points (see ijG.ip 
and then for curves all of whose separating points are nodes, e.g. Gorenstein curves (see 

In Section [3 we illustrate the general theory developed so far with the study of fine compactified 
Jacobians of Kodaira curves, i.e. curves of arithmetic genus one and with locally planar singularities. 

In Section m we define the Poincare line bundle and study its behavior with respect to the Abel maps 
(see Proposition [8?5]). 

In Section [HI we study the cohomology of the restricted Poincare line bundles on a fine compactified 
Jacobian, obtaining some partial results that later on will turn out to be special cases of Corollary B. 

Section [TU] contains a proof of Theorem C for nodal curves while Section [TT] contains the proof of 
Theorem A, Corollary B and the general case of Theorem C. Finally, Theorem D is proved in Section 

In the Appendix 1131 we first discuss the Hitchin fibration and the description of its fibers in terms 
of compactified Jacobians of spectral curves (see Fact 113.5)) . Then we state the conjectural Langlands 
duality for the Hitchin fibration (see Conjecture 113. 5p and its implication for the autoduality of the 
compactified Jacobians of spectral curves (see Conjecture 113. 6p . 

Appendix [T4j by A. C. Lopez Martin, contains fuUy-faithfulness criteria for integral functors from a 
smooth connected quasi-projective scheme to a Gorenstein connected projective scheme, generalizing the 
classical Bondal-Orlov criterion. 

The following notations will be used throughout the paper. 
Notations. 
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1.1. k will denote an algebraically closed field (of arbitrary characteristic), unless otherwise stated. All 
schemes are fc-schemes, and all morphisms are implicitly assumed to respect the /c-structure. 

1.2. A curve is a reduced projective scheme over k of pure dimension 1. Unless otherwise specified, a 
curve is meant to be connected. 

Given a curve X, we denote by Xsm the smooth locus of X, by Xging its singular locus and by 
: X^ X the normalization morphism. We denote by 7(^), or simply by 7 where there is no danger 
of confusion, the number of irreducible components of X. 

We denote by Pa (^) the arithmetic genus of X, i.e. Pa{X) := l-x{Ox) = l-h°{X,Ox)+h}{X,Ox)- 
We denote by g'^{X) the geometric genus of X, i.e. the sum of the genera of the connected components 
of the normalization X". 

1.3. A subcurve Z oi a. curve X is a closed /c-scheme Z (- X that is reduced and of pure dimension 1. 
We say that a subcurve Z C X is proper if Z ^ 0, X. 

Given two subcurves Z and W oi X without common irreducible components, we denote hy Z CiW 
the 0-dimensional subscheme of X that is obtained as the scheme-theoretic intersection of Z and W and 
we denote by \Z nW\ its length. 

Given a subcurve Z C X, we denote hy Z'^ := X \ Z the complementary subcurve of Z and we 
set Sz = Sz-^ ■■= \Zr\Z% 

1.4. A curve X is called Gorenstein if its dualizing sheaf lox is a line bundle. 

1.5. A curve X has locally complete intersection (l.c.i.) singularities at p G AT if the completion 
Ox,p of the local ring of A at p can be written as 

Ox,p = k[[xi, . . .,Xr]]/{fl, ■ ■ . ,/r-l), 

for some r > 2 and some fi € k[[xi, . . . ,Xr]]- A curve X has locally complete intersection (l.c.i.) 
singularities if X is l.c.i. at every p €: X. Clearly, a curve with l.c.i. singularities is Gorenstein. 

1.6. A curve X has locally planar singularities at p G A if the completion Ox,p of the local ring of 
A at p has embedded dimension two, or equivalently if it can be written as 

dx,p^k[[x,y]]/if), 

for a reduced series / = f{x,y) G fc[[a;, y]]. A curve X has locally planar singularities if X has locally pla- 
nar singularities at every p G A. Clearly, a curve with locally planar singularities has l.c.i. singularities, 
hence it is Gorenstein. 

1.7. A separating point of a curve A is a geometric point 71 G A for which there exists a subcurve 
Z C X such that 6z — I and Z nZ'^ = {n}. If A is Gorenstein, then a separating point n of A is a node 
of A, i.e. Ox.n = k[[x , y]] / {xy) (see Fact 16. 4p . However this is false in general without the Gorenstein 
assumption (see Example 16. 5p . 

1.8. Given a scheme 5" proper over a field k (not necessarily algebraically closed), we denote by Pic(S') its 
Picard scheme, which exists by a result of Murre (see |FGA051 Chap. 9, Cor. 4.1.18] and the references 
therein). The connected component of the identity of Pic(5'), denoted by Pic°(S'), parametrizes 
line bundles on S which are algebraically equivalent to the trivial line bundle (see |FGA05I Chap. 9, Sec. 
5] for details). The torsion component of the identity of Pic(5'), denoted by Pic^(S'), parametrizes 
line bundles on S which are numerically equivalent to the trivial line bundle or, equivalently, such that 
some powers of them lie in Pic°(5) (see |FGA051 Chap. 9, Sec. 6] for details). The scheme Pic^(S') is an 
open and closed group subscheme of Pic(S') which is of finite type over k (see |FGA05 ', Prop. 9.6.12]). 

On the other hand, given an arbitrary scheme S, we denote by Vic{S) the Picard group of 5", i.e. 
the abstract group consisting of all isomorphism classes of line bundles on S with the operation of tensor 
product. 

1.9. Given a curve A, the generalized Jacobian of A, denoted by J(A) or by Pic-(X), is the algebraic 
group whose /c-valued points are the group of line bundles on X of multidegree (i.e. having degree 
on each irreducible component of A) together with the multiplication given by the tensor product. The 
generalized Jacobian of A is a connected commutative smooth algebraic group of dimension equal to 
h^{X, Ox) which coincides with Pic°(X) and with Pic^(A). 

1.10. Given a scheme A, we will denote by D{X) the derived category of complexes of Ox-modules 
with quasi- coherent cohomology sheaves and by D^{X) C D{X) the bounded derived category 
consisting of complexes with only finitely many non-zero cohomology sheaves. 
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1.11. Given a scheme X and a closed point x E X, wc will denote by k(2:) the skyscraper sheaf 
supported at x. 



2. COMPACTIFIED JACOBIANS OF REDUCED CURVES 

The aim of this section is to collect several facts about compactified Jacobians of connected reduced 
curves, with special emphasis on connected reduced curves with locally planar singularities. Many of 
these facts are well-known to the experts but for many of them we could not find satisfactory references 
in the existing literature, at least at the level of generality we need, e.g. for reducible curves. Throughout 
this section, we fix a connected reduced curve X. 

2.1. Simple rank-1 torsion-free sheaves. We start by defining the sheaves on the connected curve 
X we will be working with. 

Definition 2.1. A coherent sheaf / on a connected curve X is said to be: 

(i) rank-1 if / has generic rank 1 at every irreducible component of X; 

(ii) torsion-free if Supp(I) = X and every non-zero subsheaf J C / is such that dimSupp(J) = 1; 

(iii) simple if EndA;(/) = k. 

Note that any line bundle on X is a simple rank-1 torsion- free sheaf 
Consider the functor 

(2.1) j;;^ : {Schemes/fc} ^ {Sets} 

which associates to a /c-scheme T the set of isomorphism classes of T-flat, coherent sheaves on X x^T 
whose fibers over T are simple rank-1 torsion-free sheaves. The functor contains the open subfunctor 

(2.2) Fx ■■ {Schemes/fc} ^ {Sets} 

which associates to a fc-scheme T to the set of isomorphism classes of line bundles on X x^T. 

Fact 2.2 (Murre-Oort, Altman-Kleiman, Esteves). Let X be a connected reduced curve. Then 

(i) The Stale sheafification of ^x represented by a k-scheme Pic{X) — Jx, locally of finite type over 
k. Moreover, is smooth. 

(ii) The etale sheafification of ^x represented by a k-scheme J^, locally of finite type over k. More- 
over, ^x universally closed and Ix is an open subset of Ix- 

(iii) There exists a sheaf T on X x Jj^- such for every J- G Jj^ (T) there exists a unique map ajr : T — !■ Jjs^ 
with the property that T — (idx x ajr)*(I) ® 7r2(N) for some N G Pic(T), where 112 X x T ^ T 
is the projection onto the second factor. The sheaf T is uniquely determined up to tensor product 
with the pullback of an invertible sheaf on and it is called a universal sheaf. 

Proof. Part (i): the representability of the etale sheafification of J^^ follows from a result of Murre-Oort 
(see [BLR90[ Sec. 8.2, Thm. 3] and the references therein). The smoothness of Sx follows from [BLR90[ 
Prop. 2]. 

Part (ii) : the representability of the etale sheafification of Ix by an algebraic space locally of finite 
type over k follows from a general result of Altmann-Kleiman f |AK80[ Thm. 7.4]). The fact that Jx is 
a scheme follows from a general result of Esteves ( |Est01[ Thm. B]), using the fact that each irreducible 
component of X has a fc-point (recall that fc is assumed to be algebraically closed) . Since JJc is an open 
subfunctor of ^x then Jx is an open subscheme of J^. Finally, the fact that JJ^ is universally closed 
follows from [EstOli Thm. 32]. 

Part (iii) follows from another general result of Altman-Kleiman f |AK79[ Thm. 3.4]) using again the 
fact that each irreducible component of X has a fc-point. 

□ 

Given a coherent sheaf I on X, its degree deg(7) is defined by deg(/) := x(^) ~ xi^^x), where x{I) 
(resp. xi^x)) denotes the Euler-Poincare characteristic of / (resp. of the trivial sheaf Ox). Since the 
degree of a sheaf is constant under deformations, we get a decomposition 



(2.3) 



del, 



rfez dez-ii^) 



where Jj^ (resp. JJ^-, resp. J-^) denotes the open and closed subscheme of (resp. Ix, resp. J^;-) 
parametrizing simple rank-1 torsion-free sheaves / (resp. line bundles L) of degree degl ~ d (resp. 
degL = d, resp. degL = d). 

If X has locally planar singularities, then has the following properties. 

Theorem 2.3. Let X be a connected reduced curve with locally planar singularities. Then 

(i) Ix '•s o reduced scheme with locally complete intersection singularities, 
(ii) Jjf is dense in JJ^. 
(Hi) Jx is the smooth locus of^x- 

Proof. The required properties of will be deduced from the analogous properties of the Hilbert scheme 
of X via the Abel map. 

Denote by Hilb'^(X) the Hilbert scheme parametrizing subschemes of X of finite length d > 0, 
or equivalently ideal sheaves / C Ox such that Ox /I is a finite scheme of length d. Note that if 
[/ C Ox] e Hilb''(X) then / is a torsion-free rank-1 sheaf on X. However, in general, / is neither simple 
(unless X is irreducible) nor a line bundle (unless X is smooth). We refer to [EstOll Exa. 38] for an 
example of [/ C Ox] € Hilb''(X) with / not simple. We introduce the following subschemes of Hilb''(X): 

Hilb''(X), {[/ C Ox] e Hilb'^(X) : / is simple}, 
Hilb''(X)/ := {[/ C Ox] e Hilb''(X) : / is a line bundle}. 
By [AK80[ Prop. 5.15], the natural inclusions 

Hilb'^(X); C mih'^{X)s C Hilb'^(X) 

are open inclusions. 

If X is a reduced curve with locally planar singularities, then the Hilbert scheme Hilb''(X) has the 
following properties (which are inherited by its open subscheme Hilb''(X)s): 

(a) Hilb'^(A") (and hence Hilb''(X)s) is reduced with locally complete intersection singularities by |AIK76[ 
Cor. 7] (see also |B(;S81I Prop. 1.4]); 

(b) Hilb''(X)i is dense in Hilb''(A:) (and hence in Hilb''(X),) by |AIK761 Thm. 8] (see also |BGS81[ 
Prop. 1.4]); 

(c) m\h'^{X)i is the smooth locus of Hilb''(A:) (and hence also of Hilb''(X),) by |BGS81[ Prop. 2.3]. 
Now, given a line bundle M on X, we define the M-twisted Abel map of degree d by 

<:Hilb'^(X), ^J^, 
[I cOx]^I(E>M. 

Note that, by definition, it follows that 

(2.5) (4,,)-i(Jx)=Hilb'^(X),. 

We claim that, locally on the target, the Af -twisted Abel map of degree d is smooth and surjective (for 
suitable choices of M g Pic{X) and d > 0), or more precisely 

CLAIM: For every point Iq S Jx, there exists an open subset U C containing Iq, an open subset 
V C m\h'^{X)s for some d > and a line bundle M € Pic{X) such that AfjiV) = U and (Aif)|y is 
smooth. 

Before proving the claim, let us see how it implies the theorem. Observe that each of the three 
statements of the theorem is local in Jjs^ , i.e. it is sufficient to check it on an open cover of . Since the 
open subsets U of the claim, as Iq varies in ^x ? cover ^x ? it is enough to prove the desired properties on 
an open subset U as in the claim. 

Part (i): from the above property (a), it follows that V is reduced with locally complete intersection 
singularities. Since {Afj)^Y is smooth and surjective, also U inherits the same properties. 

Part (ii): from the above property (b), it follows that Hilb''(X)/nF is dense in V. From the surjectivity 
of {A%)\v together with ^5^, it follows that Aij{V n Hilb'^(A:)0 = [/ n Jx is dense in AffiV) = U. 

Part (iii): from the above property (c), it follows that Hilb'^(A")i n is the smooth locus of V. Since 
{Af,j)\v is smooth and surjective and (|2.5I) holds, we infer that Af j{V fl Hilb''(X);) = [/ n Jx is the 
smooth locus of A'l,f{V) = U. 
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It remains to prove the claim. Suppose that Iq S for a certain e G Z. Fix an ample invertible 
sheaf on X and let a :— degOx{^)- Fix an integer t >> such that, denoting by Iq the dual of 

Iq (i.e. Iq := Hom{lQ, Ox)) we have that 

(2.6) loit) /q* ® Ox{t) is globally generated, 

(2.7) Exti(Io(-t),Ox) = 0. 

Let U be the locus of consisting of the sheaves / G JJ^ satisfying (j2.6p and (j2.7p . Clearly, U is an 
open subset of containing Iq. Set o? :— ~e + at and Af := Ox{t)- Let F the open subset of Hilb''(X)^ 
consisting of the points [J C Ox] G \li\h'^(X)s such that 

(2.8) J* is globally generated, 

(2.9) Ext^(J,e'x) = 0. 

By the definitions of U and V , it is clear that A'^j{V) C [/. Let us show that A'^j{V) = U and that 
{Af,j)^Y is smooth. 

Given a sheaf / e [/, using (|2.6p we deduce that there exists an injective homomorphism Ox ^ 
I*{t). By taking duals, we get an injective homomorphism I{—i) ^ Ox- This defines an element 
[I{~t) Q Ox] G M\\h'^{X)s, which moreover belongs to V since the properties (|2.6p and (|2.7p for / are 
equivalent to the properties ((^ and for /(-t). Since clearly Af^ ([/(-t) C Ox]) = I{-t) ®M = 
I{-t) ® Ox{t) = /, we get that / e Im(A^), hence that Aj^jiV) = U. 

According to IAK80I Thm. 5.18(ii)jl, the Abel map Af.j is smooth along {Afj)-^{I) if Exti(I 
M-\Ox) = Exti(I(-t),e'x) = 0. Therefore, using jSJl), we get that Afj is smooth along {Aii)-\U), 
hence the restriction (A^,j)|v is smooth. □ 

Remark 2.4. 

(i) Theorem 12.31 is well-known in the case where X is irreducible (and hence integral): parts (i) and 
(ii) are due to Altman-Iarrobino-Kleiman jAIK76[ Thm. 9]; part (iii) is due to Kleppe |Kle81) 
(unpublished, for a proof see |Kas09[ Prop. 6.4]). Note that, for X irreducible, part (ii) is equivalent 

to the irreducibility of JJ^ for a certain d G Z (hence for all d G Z). 

(ii) The hypothesis that X has locally planar singularities is crucial in the above Theorem 12.31 For 
example, Altman-Iarrobino-Kleiman constructed in |AIK761 Exa. (13)] an integral curve without 

locally planar singularities (indeed, a curve which is a complete intersection in P^) for which 
is not irreducible. Later, Rego ( |Reg80[ Thm. A]) and Kleppe-Kleiman f |KK81[ Thm. 1]) showed 

that, for X irreducible, ^x is irreducible if and only if X has locally planar singularities. 

2.2. Fine compactified Jacobians. The functor is not of finite type nor separated over k (and 
similarly for Jx) if X is not irreducible. However, it can be covered by open subsets that are proper (and 
even projective) over fc: the fine compactified Jacobians of X. The fine compactified Jacobians depend 
on the choice of a polarization, whose definition is as follows (using the notations of jMV12| ). 

Definition 2.5. A polarization on a connected curve A" is a tuple of rational numbers q — {q^ }, one 
for each irreducible component Ci of X, such that \q\ :— 1^ G Z. We call |g| the total degree of q. 

Given any subcurve 1^ C A, we set q^ X^j^^. where the sum runs over all the irreducible 
components Cj oiY . Note that giving a polarization q is the same as giving an assignment {Y ^ X) ^ q^ 
such that q^ ^1 and which is additive on F, i.e. such that if Yi, 1^2 C A are two subcurves of X without 
common irreducible components, then g.. — a,. + g,. . 

—Y\\jY-2 —Y\ —12 

Sz 

Definition 2.6. A polarization q is called integral at a subcurve Y C X ii q^ — — e Z for any connected 

component Z oiY and of Y'^. 

A polarization is called general if it is not integral at any proper subcurve Y G X . 

Sy 

Remark 2.7. It is easily seen that q is general if and only if — — ^ Z for any proper subcurve Y C X 
such that Y and Y^ are connected. 



■^Note that in loc.cit., this is stated under the assumption that X is integral. However, a close inspection of the proof 
reveals that this continues to hold true under the assumption that X is only reduced. The irreducibility is only used in 
part (i) of |AK80I Thm. 5.18]. 
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For each subcurve F of X and each torsion- free sheaf I on X, the restriction /|y of / to F is not 
necessarily a torsion-free sheaf on Y. However, J|y contains a biggest subsheaf, call it temporarily J, 
whose support has dimension zero, or in other words such that J is a torsion sheaf. We denote by ly 
the quotient of I\y by J. It is easily seen that ly is torsion-free on Y and it is the biggest torsion-free 
quotient of /|y. Moreover, if / is torsion- free rank-1 then ly is torsion- free rank-1. We let degy{I) 
denote the degree of ly on Y, that is, degy(/) := xilv) — x(Cy)- 

Definition 2.8. Let g be a polarization on X. Let / be a torsion-free rank-1 sheaf on X of degree 
d = |(7| (not necessarily simple). 

(i) We say that / is semistable with respect to q (or g-semistable) if for every proper subcurve Y C X^ 
we have that 

(2.10) degy{I)>q^-^ 

(ii) We say that / is stable with respect to q (or g-stable) if it is semistable with respect to q and if the 
inequality (|2.10p is always strict. 

Remark 2.9. It is easily seen that a torsion-free rank-1 sheaf / is q-semistable (resp. q-stable) if and only 
if (j2.10D is satisfied (resp. is satisfied with strict inequality) for any subcurve Y C X such that Y and 
Y'^ are connected. 

Lemma 2.10. 

(i) If I is stable with respect to a polarization q on X then I is simple, 
(ii) For a polarization q on X , the following conditions are equivalent 

(a) q is general. 

(b) Every rank-1 torsion-free sheaf which is q-semistable is also q-stable. 

(c) Every simple rank-1 torsion-free sheaf which is q-semistable is also q-stable. 

(d) Every line bundle which is q-semistable is also q-stable. 

Proof. Let us first prove part (i) . By contradiction, suppose that / is g-stable and not simple. Since / is 
not simple, we can find, according to jEstOli Prop. 1], a proper subcurve Y ^ X such that the natural 
map I ^ ly ® lyc is an isomorphism. We claim that this implies that 

(2.11) deg/ = degy(/)+degy.(/) + <5y. 

Indeed, since I ^ ly (B ly, we have that x(/) ~ x{Iy) + xilv")- Moreover, from the exact sequence 

^ Ox ^ Oy ®Oy. Oyny- 0, 

we deduce that x(Cx) — x{^Y) + x{C'y'=) — x{C'ynY'=) — x{OY) + x{C'y=) — Sy. Using now the definition 
of degree, we compute 

deg(/) = x{I) - x{Ox) = Xily) + x{Iy^) - x{Oy) - x{Oy^) + 5y ^ 

= deg{Iy) + deg(/yc) -|- 5y, 

which gives (|2.1ip . 

Since / is g-semistable, we get from (|2.10p . the two inequalities 



(2.12) 



5y 

degy(/) >qy-—, 

degye(/) > iyc - 



Summing up these two inequalities and using that dcg(/) = \q\ = qy + qy^ and that 5y — (5yc, we get 

degy(/) + degye(/) > deg(/) - 5y. 

Equation (j2.1ip tells us that the above inequality is actually an equality; hence equalities must hold in 
each of the inequalities in (12.121) and this contradicts the fact that / is g-stable. 
Let us now prove part (ii). 

(a) (b): Since q is general, from Remark 12.71 it follows that if F C X is a subcurve of X such that 

Y and Y'^ are connected then qy — ^ Z. Therefore, the right hand side of (|2.10p is not an integer 

for such subcurves, hence the inequality is a fortiori always strict. This is enough to guarantee that a 
torsion-free rank-1 sheaf that is g-semistable is also g-stable, by Remark [ 

(b) ^ (c) ^ (d) are trivial. 
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(d) => (a): the proof of |MV12i Lemma 6.2] for nodal curves extends easily to any curve X. 



□ 



Given a polarization q on X, we denote by J xil) (resp. J x{l)) the subscheme of parametrizing 
simple rank-1 torsion-free sheaves I ox\ X which are g-semistable (resp. g-stable). By [EstOli Prop. 34], 
the inclusions 

are open. 

Fact 2.11 (Esteves). Let X be a connected curve. 

(i) Jxil) is a quasi-projective scheme over k (not necessarily reduced). In particular, Jxil) is a 

scheme oj finite type and separated over k. 
(ii) JxW) is a k-scheme of finite type and universally closed over k. 

(Hi) If q is general then Jxil) = Jx{q) is o, projective scheme over k (not necessarily reduced). 

H Ix = U 

q general 

Proof. Part (i) follows from [EstOli Thm. A(2) and Thm. C(4)]. 
Part (ii) follows from fEstOli Thm. A(l)]. 

Part (iii): the fact that Jxil) = J x{l) follows from Lemma [2.101 Its projectivity follows from (i) 
and (ii) since a quasi-projective scheme over k which is universally closed over k must be a projective 
scheme over k. 

Part (iv) follows from [EstOli Prop. 13] together with [EstOQi Rmk. 2.5]. 

□ 

If q is general, we set Jx{q) ■= Jxil) — J x{^) ^-^d we call it the fine compactified Jacobian with 
respect to the polarization q. We denote by Jx{q) the open subset of Jx{q) parametrizing line bundles 
on X. Note that Jx (q) is isomorphic to the disjoint union of a certain number of copies of the generalized 
Jacobian J(X) = Pic^(X) of X. 

Since, for q general, Jxi<l) is an open subset of JJ^jf, the above Theorem 12.31 immediatelv yields the 
following properties for the fine compactified Jacobians of curves with locally planar singularities. 

Corollary 2.12. Let X be a connected curve with locally planar singularities and q a general polarization 
on X. Then 

(i) Jx{q) is a reduced scheme with locally complete intersection singularities. 

(ii) Jx{q) is dense in Jx{q). In particular, J xW) has pure dimension equal to the arithmetic genus 

Pa{X) ofX. 

(Hi) Jx{q) is the smooth locus of Jx{q)- 

Later, we will prove that Jx{q) is connected (see CoroUarv 14. 4p and we will give a formula for the 
number of its irreducible components in terms solely of the combinatorics of the curve X (see Corollary 

Fine compactified Jacobians of X depend on the choice of a polarization and there are clearly infinitely 
many polarizations. However, we are now going to show that there are finitely many isomorphism classes 
of fine compactified Jacobians. The simplest way to show that two fine compactified Jacobians are 
isomorphic is to show that there is translation that sends one into the other. 

Definition 2.13. Let X be a connected curve. We say that two compactified Jacobians Jx{q) and 
Jxil') are equivalent by translation if there exists a line bundle L on X inducing an isomorphism 

Jx{q) ^ Jxig ), 
I ^ I ®L. 

Note however that, in general, there could be fine compactified Jacobians that are isomorphic without 
being equivalent by translation, see Section |7| for some explicit examples. 

Lemma 2.14. Let X be a connected curve. There is a finite number of fine compactified Jacobians up 
to equivalence by translation. 
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Proof. If two generic polarizations q and q' are such that q — q' £ T?'^-^^ ^ then the multiphcation by a 
hne bundle of multidegree q — q' gives an isomorphism between Jx{q') and Jx{q)- Therefore, any fine 
compactified Jacobian of X is equivalent by translation to a fine compactified Jacobian Jx (q) such that 
< (?p < 1 for any irreducible component C'i of X. 

Moreover, if q and q' are two generic polarizations on X such that \q^ — ^] ~ \q'^ — ^] for any 
subcurve Y C X, then a sheaf / G Jj^^ is g-stable if and only if it is g'-stable. Therefore, the arrangement 
of hyperplanes in M'^^-''-) 

E ^'-T = " 

subdivides the unitary cube [0, l)'''^^) c R^''^' into finitely many chambers such that if q and q' belong 
to the same chamber then Jx{q) — Jx{q')- The assertion now follows. □ 

3. Deformation theory 

The aim of this section is to study the deformation theory and the semiuniversal deformation space 
of a pair {X,I) where X is a (reduced) connected curve and / is rank-1 torsion- free simple sheaf on X. 
For basic facts on deformation theory, we refer to the book of Sernesi |Ser06) . 

3.1. Deformation theory of X. The aim of this subsection is to recall some well-known facts about 
the deformation theory of a (reduced) curve X . 

Let Defx (resp. Defx) be the local moduli functor of X (resp. the locally trivial moduli functor) of 
X in the sense of |Ser06[ Sec. 2.4.1]. Moreover, for any p £ Xgjng, we denote by Defx,p the deformation 
functor of the complete local fc-algebra Ox,p in the sense of |Ser06[ Sec. 1.2.2]. The above deformation 
functors are related by the following natural morphisms: 

(3.1) Def^ ^ Defx ^ Def^°^ := [| Defx,p. 

peXsing 

Since X is reduced, the tangent spaces to Def^, Defx and Defx,p where p £ X^ing are isomorphic to (see 
|Ser06[ Cor. 1.1.11, Thm. 2.4.1]) 

TDef^:=Def^(k[e])=Hi(X,Tx), 

(3.2) TDefx Defx(k[e]) = Ext\ni, Ox), 

TDef(x,p) :-Def(x,p)(k[e]) = (Ti,)p, 

where il^ is the sheaf of Kahler differentials on X, Tx '■— 'Hom{n]^, Ox) is the tangent sheaf of X and 
Tj^ = £xt^{flx, Ox) is the first cotangent sheaf of X, which is a sheaf supported on Xging by (Ser06[ 
Prop. 1.1.9(ii)]. 

The usual local-to-global spectral sequence gives a short exact sequence 
^ H^iX, Tx) = TDef^ -> Ext^{nl^, Ox) = TDefx -> 
(^•3) -^H"{X,£xt\n],,Ox))= £xt\n\,Ox)p ^ TDci'^'^ ^R^X,Tx)^0, 

which coincides with the exact sequence on the tangent spaces induced by p. II) . 

By looking at the obstruction spaces of the above functors, one can give criteria under which the 
above deformation functors are smooth (in the sense of |Ser06[ Def. 2.2.4]). 

Fact 3.1. 

(i) Defx smooth; 

(a) If X has l.c.i. singularities at p £ Xging then Defx.p is smooth; 

(Hi) If X has l.c.i. singularities, then Defx is smooth and the morphism Defx — > Defx'^ is smooth. 

Proof Part ©: an obstruction space for Def^ is H'^{X,Tx) by |Ser06[ Prop. 2.4.6] and H'^{X,Tx) = 
because dimX = 1. Therefore, Def^ is smooth. 
Part dni) follows from |Ser061 Cor. 3.1.13(ii)]. 

Part (pHl) : by |Ser06[ Prop. 2.4.8], an obstruction space for Defx is Ext^(J7x, Ox), which is zero by 
|Ser06l Example 2.4.9]. Therefore we get that Defx is smooth. 
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Since Defx'^ is smooth by part ((n]) and the map of tangent spaces TDefx TDefx'^ is surjective by 
p.3p . the smoothness of the morphism Defx — > Def^^^ follows from the criterion |Ser06[ Prop. 2.3.6]. 

□ 

3.2. Deformation theory of the pair {X, I). The aim of this subsection is to review some fundamental 
results due to Fantechi-Gottsche-vanStraten |FGvS99] on the deformation theory of a pair {X,I), where 
X is a (reduced) curve and / is a rank-1 torsion- free sheaf on X (not necessarily simple). 

Let Def(x,i) be the deformation functor of the pair {X,I) and, for any p G ^sing, we denote by 
Def(x,i),p the deformation functor of the pair {Ox,p, Ip)- We have a natural commutative diagram 

(3-4) Def(xj) Defi-j) npex.„, Def(x,i),p 



Defx Defi,- Hpsx..,, Defx.p. 

Under suitable hypothesis, the deformation functors appearing in the above diagram (|3.4[) are smooth 
and the horizontal morphisms are smooth as well. 

Fact 3.2 (Fantechi-Gottsche-vanStraten). 
(i) The natural morphism 



Def(x,i) ^ Deffe'^i) x^^fioc Defx 



is smooth. In particular, if X has l.c.i. singularities then the morphism Def(x.i) ~^ -'-'^^(x^i) 
smooth. 

(ii) If X has locally planar singularities at p ^ ^sing then Def(-x.i).p is smooth. In particular, if X has 
locally planar singularities then Dei^^^-^ and Def(x,i) are smooth. 

Proof. Part (HI: the first assertion follows from |FGvS99l Prop. A.l]. The second assertion follows from 
the first one together with Fact l3.HpIi|) which implies that the morphism Defj^'^j^ ^Dcf]j°<^ Defx I^^^jx i) 
is smooth. 

Part ([n]): the first assertion follows from |FGvS99l Prop. A. 3]. The second assertion follows from the 
first together with part 

□ 

3.3. Semiuniversal deformation space. The aim of this subsection is to describe and study the 
semiuniversal deformation spaces for the deformation functors Defx and Def(x i) . 

According to |Ser06[ Cor. 2.4.2], the functor Defx admits a semiuniversal formal couple {Rx,X), 
where Rx is a Noetherian complete local fc-algebra with maximal ideal mx and residue field k and 

— - /Rx 

X e Defx(i?jf) := l^Defx ' 

is a formal deformation of X over Rx . Recall that this means that the morphism of functors 

(3.5) Hr^ := Hom(Rx, -) Defx 

determined by X is smooth and induces an isomorphism of tangent spaces TRx := (mx/tTi|-)^ ^ TDefx 
(see |Ser06[ Sec. 2.2]). The formal couple {Rx,X) can be also viewed as a flat morphism of formal 
schemes 

(3.6) 7f : A" -> Spf Rx, 

where Spf denotes the formal spectrum, such that the fiber over [mx] G Spf Rx is isomorphic to X (see 
[Ser06[ p. 77]). Note that the semiuniversal formal couple {Rx,X) is unique by jSer06[ Prop. 2.2.7]. 

Since X is projective and H^{X, Ox) = 0, Grothendieck's existence theorem (see |Ser06[ Thm. 2.5.13]) 
gives that the formal deformation p.6p is effective, i.e. there exists a deformation tt : A' — > Spec Rx of 



Some authors use the word miniversal instead of semiuniversal. We prefer to use the word semiuniversal in order to 
be coherent with the terminology of the book of Sernesi ISerOGI . 
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X over SpecRx whose completion along X = -k ^([mx]) is isomorphic to p.6p . In other words, we have 
a Cartesian diagram 

(3.7) X^ 



Spec k ^ [mx]'^ ^ Spf Rx ^ Spec Rx- 

Note also that the deformation tt is unique by (Ser06[ Thm. 2.5.11]. 

The space Spec Rx admits two stratifications into closed subsets according to either the arithmetic 
genus or the geometric genus of the normalization of the fibers of the family tt. More precisely, using the 
notation introduced in 11.21 we have two functions 

: Spec Rx — ^ N, g"" : Spec Rx — > N, 

^^■^^ s ^ p'LiXs) Pa{X:), s ^ g'^iX,) = g'^iX^), 

where X^ denotes the fiber of tt over the point s £ Spec Rx. Since the number of connected components 
of X^ is the number ^{Xg) of irreducible components of Xs, we have the relation 

(3.9) KC-^.) = g^i^s) - l{Xs) + 1 < g^'iXg). 

The functions p'^ and g^ are lower semi-continuous since the arithmetic genus and the geometric genus of 
the normalization cannot increase by specialization. Using this lower-semicontinuity, (j3.9p and the fact 
that the arithmetic genus Pa stays constant in the family tt because of flatness, we get that 

Pa{X-) = pUX) < P:{X,) < g'iXs) < PaiXs) = Pa{X). 

Therefore for any pa{X'^) < k < Pa{X) we have two closed subsets of Spec Rx: 

(3.10) (SpecRx)'^"-'' := {s £ SpccRx : g^iX^) < k} C (Spec Rx)^^-'' := {s E SpccRx : pI{X,) < k}. 

If X has locally planar singularities, then the second closed subset behaves particularly well due to the 
following results of Teissier ([ESQ]) and Diaz-Harris ((DH88]). 

Fact 3.3 (Teissier, Diaz- Harris). Assume that X has locally planar singularities. Then, for any pa{X'^) < 
k < Pa{X), lue have that: 

(i) The codimension of the closed subset (Spec Rx)''"-'* inside Spec Rx is equal to pa{X) — k. 
(a) Each generic point s of (Spec Rx)''"-'* is such that Xg is a nodal curve with Pa{X) — k nodes. 

Proof. Let us first prove the two statements for k = pa{X^). The arithmetic genus of the curve Xg and 
the one of its normalization X^ are related by the well-known formula 

(3.11) Pa{Xg)=Pa{Xn+S{Xg), 

where 

S{Xg):= J2 ^(X'l)^ E length(0J^^^,/0;,^,,) 

is the total delta invariant of Xg. Using the equation p. lip and the fact that Pa{Xg) = Pa{X) for every 
s e Spec Rx, we deduce that 

Pa{X:) = PaiX") ^ S{Xg) = S{X). 

In oder words, (SpecRx)''" -''"^''^ ' is the closed subset of SpecRx where the delta invariant stays constant. 
Since the total J-invariant is the sum of the local (5-invariants, we conclude that (Spec Rx)''"-''"*-''^ ■* is 
the inverse image via the natural morphism 

F-.Hr^^ Defx -> Def^°^ = [] Defx,p 

of the product of the (5-constant (or equigeneric) loci EGp inside each Defx, p. For any p G ^sing, the 
(5-constant locus EGp has codimension S{X,p) inside Defx,p by |DH88[ p. 435] and, moreover, each 
generic point of EGp corresponds to a deformation of the singularity Ox,p having S{X,p) nodes (and no 
other singularities) by [TeiSOi p. 10]. Since the morphism F is smooth by Fact l3.1t|iii)) . we conclude that 

codim(SpecRx)P"-P-^''''^ - E codim(EGp) - ^ ,5(X, p) = ^(X) = pa(X) - pa(X'^), 
and, moreover, that the fiber of X over every generic point of (Spec Rx)''"-''"^''^ ^ is a nodal curve. 
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The case of an arbitrary k follows from the previous case using the openess of versality, which amounts 
to say that for any s G Spec Rx a versal deformation ring for is provided by the completion {Rx)s of 
the localization of Rx at s together with the image of the family tt : A" ^ Spec Rx- □ 

From the above Fact 13.31 together with the inclusion in p.lOp , we get the following 

Corollary 3.4. Assume that X has locally planar singularities. Then, for any pa{X'^) < k < pa{X), 
the codiniension of the closed subset (Spec Rx)^ inside Spec Rx is at least equal to pa{X) — k. 

Another useful result that we will need in the sequel is contained in the following 

Lemma 3.5. Assume that X has locally planar singularities. Let U be the open subset of Spec Rx 
consisting of all the (schematic) points s G Spec Rx such that the fiber Xs of the universal family 
TT : A" — Spec Rx is smooth or has a unique singular point which is a node. Then the codimension of the 
complement of U inside Spec Rx is at least two. 

Proof. Since the natural morphism (see (j3.ip ) 

Defx ^ Def],°= := [] Defx,p 

is smooth by Fact l3.HpIi)) . it is enough to show that if Defx,p has dimension at most one then p G Xging 
is a node of X. Since X has locally planar singularities, this is exactly the content of |Ser06[ Prop. 
3.1.5.]. □ 

Consider now the functor 

Ip^ : {Spec Rx — schemes} — > {Sets} 
which sends a scheme T — > Spec Rx to the set of isomorphism classes of T-flat, coherent sheaves on 
Xt '.— T xgpccRx whose fibers over T are simple rank-1 torsion-free sheaves. The functor contains 
the open subfunctor 

Tx ■ {Spec Rx — schemes} — > {Sets} 
which sends a scheme T — >■ Spec Rx to the set of isomorphism classes of line bundles on Xt. 
Analogously to Fact 12.21 we have the following 

Fact 3.6 (Altman-Kleiman, Esteves). 

(i) The etale sheafification of represented by a scheme endowed with a morphism u : J;^ — > 

Spec Rx, which is locally of finite type and universally closed. The scheme contains an open 
subset which represents the etale sheafification of Jx <^nd the restriction u :Sx ^ Spec Rx is 
smooth. 

Moreover, the fiber of ^x (resp. of Jx ) over the closed point [vn-x] 6 Spec Rx is isomorphic to 
(resp. Sx)- 

(ii) There exists a sheaf I on X xgpccRx such for every T € IxC^) there exists a unique Spec Rx- 
map ajr : T — ^ Jx with the property that J- — {idx x ajr)*{T) (^-k^^) fof some N S Pic(T), where 
TT2 '. X XgpccRx T T is the projection onto the second factor. The sheaf X is uniquely determined 
up to tensor product with the pullback of an invertible sheaf on ^x '^nd it is called a universal sheaf 
on ^x- 

Moreover, the restriction of I to X x is equal to a universal sheaf as in facf l^.jjlpIiT) . 

— ^ — 
Proof. Part (j!]): the representability of the etale sheafification Sx by an algebraic space Sx locally 

of finite type over Spec Rx follows from |AK80[ Thm. 7.4]. From |Est011 Cor. 52], it follows that Ix 

becomes a scheme after an etale cover of Spec Rx- However, since Rx is strictly henselian (being a 

complete local ring with algebraically closed residue field), then SpecRx does not admit non trivial etale 

covers (see |ELR90[ Sec. 2.3]); hence JJ;^ is a scheme. The fact that JI;^ is universally closed follows from 

[EstOli Thm. 32] . Since is an open subfunctor of J_;^^ , it follows that JJ x contains an open subscheme 

Ix which represents the etale sheafification of JJ^. The smoothness of Ix over Spec Rx follows from 

[BLRQOi Prop. 2]. The last assertion of part Q is obvious. 

Part jul follows from |AK79[ Thm. 3.4] once we prove that the morphism tt : A" — >■ Spec Rx admits a 

section through its smooth locus. Indeed, let U be the smooth locus of the morphism tt and denote by 

tt' : U Spec Rx the restriction of tt to U. Since X is assumed to be reduced and all the fibers of tt 

are smoothings of X and hence reduced as well, we deduce that for every s € Spec Rx the open subset 

tt'~^{s) is dense in 7r~^(s). Now, since Rx is a strictly henselian ring, given any point p G 7r'~^([mx]), 
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we can find a section of tt' : [/ — > Spec Rx passing through p (see [BLR90[ Sec. 2.2, Prop. 14]), q.c.d. 
The last assertion of part ^ is obvious. 

□ 

Let now / be a simple rank-1 torsion-free sheaf / on X, i.e. / G JJ^ ^ Ja"- If we denote by 
R(x.r) I completion of the local ring of ^ ^^'^ by iTi(x,/) its maximal ideal, then there 

is a natural map / : Spec R(x,i) ^ which fits into the following Cartesian diagram 



(3.12) 



(idxf)*(I) 



xspccRx Spec R(xj 



idx/ 



X X 



SpecRx -^X 



X 



rxid 



Spec R| 



□ 
i 



(x,i) 



HX 



■ Spec Rx- 



Since / £ JJjf C JJ;^', the map uo j sends the closed point [mx./] €E Spec Oj^ j into the closed point 
[mx] G Spec Rx- In particular, we have that (tt x id)^^(m(x.i)) ~ 7r~^(mx) = X and the restriction 
of (id X j)*(X) to (tt X id)~^(m(x,i)) = X is isomorphic to / by the universal property in Fact I3.6t| ii]). 
The completion of the family tt x id along the central fiber X together with the completion of the 
sheaf (id x j)*(X) determine a formal deformation of {X,I) over R(x,i), or equivalently, a morphism of 
deformation functors 



-) 



Def 



(XJ)- 



(3.13) IIom(R(xj), 
We can now prove the main result of this section. 

Theorem 3.7. Let X he a (reduced) curve and I a rank-1 torsion-free simple sheaf on X . 
(i) There exists a Cartesian diagram of deformation functors 



(3.14) 



Def 



(x,i) 



Def^ 



where the horizontal arrows realize R(x.i) o.nd Rx as the semiuniversal deformation rings for 
Def(x,i) and Defx, respectively, 
(ii) If X has l.c.i. singularities then Rx is smooth (i.e. it is a power series ring over k). 
(Hi) If X has locally planar singularities then R(x,i) smooth. In particular, the scheme smooth. 

Proof. Part Q: the fact that the diagram p. 141) is commutative follows from the definition of the map 
p.l3p and the commutativity of the diagram (j3.12p . 

Let us check that the above diagram p.l4p is Cartesian. Let A be an Artinian local fc-algebra with 
maximal ideal mA. Suppose that there exists a deformation {X,I) G Def(x,i)(A) of {X^I) over A and 
a homomorphism cf) G IIom(Rx, A) = hRx(A) that have the same image in Defx(A). We have to find a 
homomorphism rj G IIom(R(x.i), A) — hR^j^jj(A) that maps into </> G hii^{A) and {X,I) G Def(x,i)(A) 
via the maps of diagram (|3.14l) . The assumption that the elements {X^I) G Def(x.i)(A) and G hn^ [A] 
have the same image in Defx (A) is equivalent to the fact that X is isomorphic to Xa := X x spcc Rx Spec A 
with respect to the natural morphism Spec A — )■ SpecRx induced by (j). Therefore the sheaf / can be seen 
as an element of J;^.(Spec A). Fact I3.6l|li)) gives a map aj : Spec A ^ such that / = (id^t" x cq)*{X), 
because Pic(Spec A) — 0. Clearly the map aj sends [mA] into I £ Ix ^x ^'^d therefore it factors 
through a map /3 : Spec A — > Spec R(x,i) followed by the map j of (j3.12p . The morphism (3 determines 
the element r] G Hom(R(x,i), A) — h^^^ jj(A) we were looking for. 

Finally, the bottom horizontal morphism realizes the ring Rx as the semiuniversal deformation ring 
for Defx by the very definition of Rx. Since the diagram p.l4p is Cartesian, the same is true for the 
top horizontal arrow. 

Part ([u|): Rx is smooth since the morphism hji^ Defx is smooth and Defx is smooth by Fact 

OEiD. 
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Part (pTi)) : R(x,i) is smooth since the morphism hn^^ ~> Defjx.i) is smooth and Dcf(x,i) is smooth 
by Fact I3.2l pll). We deduce that the open subset U of smooth points of JJ;^. contains the central fiber 
u~-^([mx]) — Jjf, which impUes that U = because u~^([mx]) contains ah the closed points of 
hence J;^ is smooth. 

□ 

4. The universal fine compactified Jacobians 

The aim of this section is to introduce and study the universal fine compactified Jacobians relative to 
the semiuniversal deformation tt : A" — Spec Rx introduced in 13.31 

The universal fine compactified Jacobian will depend on a general polarization q on X as in Definition 
12.61 Indeed, the polarization q induces a polarization on each fiber of the effective semiuniversal defor- 
mation family tt : ^ — >■ Spec Rx, in the following way. For any (schematic) point s G SpecRx, denote 
by Xg :— 7r~^(s) the fiber of tt over s. There is a natural map 

: {Subcurves of Xg} — )■ {Subcurves of X} 
where Z denotes the Zariski closure of Z inside X. 

Lemma-Definition 4.1. Let s G SpecRx and let q be a polarization on X . The polarization induced 
by q on the fiber Xg is defined by 

for every subcurve Z ^ Xg. If q is general then is general. 

Proof. Let us first check that is well-defined, i.e. that |(7*| S Z and that {Z C Xg) i—^ is additive 
(see the discussion after Definition 12. Sp . Clearly we have that \q^\ =9^ ~ 'ix ~ l*^! ^ ^' Moreover, if 
Zi, Z2 are two subcurves of Xg without common irreducible components then the subcurves I]s(Zi) and 
Tis{Z2) of X are without common irreducible components and therefore the additivity of follows from 
the additivity of q. 

The last assertion is implied, using Remark 12.71 by the following easily checked properties of the map 

{Z connected ^g{Z) connected, 
s,(z^) = I],(z)^ 

where Z <Z Xg is any subcurve of Xg and = denotes congruence modulo 2. □ 
Given a general polarization q on X^ we get an open subset of which is proper over Spec Rx. 

Theorem 4.2. Let q be a general polarization on X . Then there exists an open subscheme J x{q) 
which is projective over SpecRx and such that the fiber ofu : J x{<l) — ^ SpecRx over a point s G SpecRx is 
isomorphic to Jx^il'^)- In particular, the fiber of Jx{q) SpecRx over the closed point \mx] G SpecRx 
is isomorphic to Jx{q)- 

We call the scheme Jx il) the universal fine compactified Jacobian of X with respect to the polarization 
q. We denote by Jx{q) the open subset of Jxiq) parametrizing line bundles, i.e. Jxil) = J x{<l) ^^x Q 
Ix- ~ 

Proof. This statement follows by applying to the effective semiuniversal family X Spec Rx a general 
result of Esteves ( jEstOli Thm. A]). In order to connect our notations with the notations of loc. cit., 
take r > a sufficiently divisible natural number such that, for every subcurve C X, it holds that 

deg^iujxy 



Consider a vector bundle i? on X of rank r such that, for every subcurve W ^ X (or equivalently for 
every irreducible component of X), the degree of E restricted to W is equal to 

(4.3) -<^^mw)-r{^q^-^^^^). 
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As it was already observed in |MV12[ Rmk. 1.16(i)], it is easy to check that a torsion-free rank-1 sheaf / 
on X is (semi) stable with respect to q in the sense of Definition 12.81 if and only if it is (semi) stable with 
respect to E in the sense of jEstOli Sec. 1.2]. Therefore, our fine compactified Jacobian Jx{q) coincides 
with the variety = Jf^ in |Est01[ Sec. 4]. 

Since an obstruction space for the functor of deformations of E is H^{X, E (g) £'^) (see e.g. jFGAOSi 
Thm. 8.5.3(b)]) and since this latter group is zero because X is a curve, we get that E can be extended to a 
vector bundle £ on the formal scmiuniversal deformation X SpecRx oi X. However, by Grothendieck's 
algebraization theorem for coherent sheaves (see |FGA05[ Thm. 8.4.2]), the vector bundle £ is the 
completion of a vector bundle £ on the effective scmiuniversal deformation tt : A" — SpecRx of A". Note 
that the restriction of £ to the central fiber of tt is isomorphic to the vector bundle E on X. Denote by 
£s the restriction of £ to the fiber . By construction, it is easy to see that for any s G Spec Rx and 
any subcurve Z C we have that 

degzi£s) = degzi£) = deg^^^z)i^) = degs^(z)(£^)- 

Combining the previous equality with the equality degzii^Xs) = deg-^^(^z)i^x) (see (|4.2I) ) and tha fact 
that (7^ ~ (see Lemma-Definition 14. ip . and applying (j4.3l) to the subcurve Ss(Z) C A, it follows 

that 



-deg((£.),,)..(,^-^i5i4^ 

Therefore, exactly as before, we get that a torsion-free rank-1 sheaf I on X, flat on SpecRx, is (semi)stable 
with respect to £ in the sense of |Est01[ Sec. 1.4] if and only if for every s G Spec Rx the restriction Xg 
of X to Xs is (semi)stable with respect to q" in the sense of Definition 12.81 Since all the polarizations 
(J* are general by Lemma-Definition 14. 1[ we get that the open subscheme J x{q) Jg = Jg^ C 
parametrizing sheaves I S whose restriction to Xs is q^-semistable (or equivalently g^-stable) is a 
proper scheme over SpecRx by [EstOli Thm. A]. Moreover, J| is quasi-projective over SpecRx by 
[EstOli Thm. C]; hence it is projective over Spec Rx- The description of the fibers of J x{q) Spec Rx 
is now clear from the definition of Jx{q)- 

□ 

If the curve X has locally planar singularities, then the universal fine compactified Jacobians of X 
have several nice properties that we collect in the following statement. 

Theorem 4.3. Assume that X has locally planar singularities and let q be a general polarization on X . 
Then we have: 

(i) The scheme Jx{q) is smooth and irreducible. 

(ii) The surjective map u : Jx{q) SpecRx is projective and flat of relative dimension pa(X). 
(Hi) The smooth locus of u is Jx{q)- 

Proof. The smoothness of J x{q) follows from Theorem 13. 7tjiiip . 

Since also Spec Rx is smooth by Theorem [S/Tlln]) , the flatness of the map u : J x{q) — > Spec Rx will 
follow if we show that all the fibers are equi-dimensional of the same dimension (see |Mat89[ Cor. of 
Thm 23.1, p. 179]). By Theorem 14. 21 the fiber of u over s £ SpecRx is isomorphic to J xA^") which has 
pure dimension equal to h^{Xs, Ox,) = h^iX, Ox) — Pa{X) by CoroUarv l2.12l 

The map u is projective by Theorem 14.21 and the fact that its smooth locus is equal to Jx{q) follows 
from Corollarv l2.12l 

Finally, in order to show that Jx{q) is irreducible, it is enough to show that it is connected since we 
know already that Jx{q) is smooth. Since the open subset Jx{q) is dense by Corollarv l2.12l it is enough 
to prove that Jx{q) is connected. However, this follows easily from the fact that Jx{q) is smooth over 
Spec Rx and its generic fiber is the Jacobian of degree j^l of a smooth curve, hence it is connected. 

□ 

The above result on the universal fine compactified Jacobians of X has also some very important 
consequences for the fine compactified Jacobians of A, that we collect in the following two corollaries. 

Corollary 4.4. Assume that X has locally planar singularities and let q be a general polarization on A. 
Then Jx{q) is connected. 
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Proof. Consider the universal fine compactified Jacobian Jx{q) and the natural surjective morphism 
u : Jx{q) —> SpecRx- According to Theorem 13 . 71 and Theorem 14. 3[ w is a projective morphism between 
two smooth and irreducible Noetherian schemes. Consider the Stein factorization of u: 

u : Jx{q) — ^ Z Spec Rx, 

where / has connected fibers and g is a finite surjective morphism. Note that the generic fiber of u is the 
Jacobian of degree \q\ of a smooth curve, hence it is connected. This implies that g is generically injective, 
hence birational. Since Spec Rx is normal, Zariski's main theorem gives that g is an isomorphism. We 
conclude that u — f has connected fibers; in particular, Jx{q) = u~^[Tnx] is connected. 

□ 

Corollary 4.5. Assume that X has locally planar singularities and let q be a general polarization on X . 
Then the universal fine compactified Jacobian u : Jx{q) SpecRx (with respect to the polarization q) 
has trivial relative dualizing sheaf. In particular, J x (<?) has trivial dualizing sheaf. 

Proof. Observe that the relative dualizing sheaf, call it LJu^ of the universal fine compactified Jacobian 
u : J x{q) SpecRx is a line bundle because the fibers of u have l.c.i. singularities by Theorem 14.21 and 
CorollaFylUll 
CLAIM 1: 

Indeed, Theorem 14.21 implies that the fiber of Jx{q) — > SpecRx over a point s is isomorphic JxAq^) 
which is a disjoint union of a certain number of copies of the generalized Jacobian J(A's). In particular, 
the fibers of the map Jx{q) SpecRx have trivial canonical sheaf. Therefore, Claim 1 follows from the 
see-saw principle (see e.g. |Ser06l Sec. 4.2, Note 2]) together with the fact that Pic(SpecRx) = 0. 

CLAIM 2: The codimension of Jx{q) \ Jx{q) in Jx{q) is at least two. 

Indeed, for every s £ SpecRx, the codimension of J x, {q^) \ Jx, (?*) inside J x^ is at least one since 
Jxsiq") is dense in JxAq^) by Corollarv l2.12l Moreover, for the general point sq G SpecRx, the fiber Xso 
is smooth since Defx'^ is smooth by Fact I3.1l|iil) . Therefore, clearly we have that Jx^^iq'^") ~ Jx,g{q''°)- 
Claim 2 now follows. 

Claim 1 and Claim 2 imply that a;„ and O-j^f^^^ agree on an open subset whose complement has 
codimension at least two. Since Jx{q) is smooth (hence S'2) by Theorem 14.31 this implies that lJu — 

The second assertion follows now by restricting the equality w„ — Oj^^^^^ to the fiber Jx{q) of u over 
the closed point [mx] G SpecRx- □ 

Note that a statement similar to Corollary 14.51 was proved by Arinkin in jArilll Cor. 9] for the 
universal compactified Jacobian over the moduli stack of integral curves with locally planar singularities. 

Finally, note that the universal fine compactified Jacobians are acted upon by the universal generalized 
Jacobian, whose properties are collected into the following 

Fact 4.6 (Bosch-Liitkebohmert-Raynaud). There is an open subset ofSx, called the universal generalized 
Jacobian o/tt : X SpecRx and denoted by v : J{X) — >■ SpecRx, whose fiber over any point s S SpecRx 
is the generalized Jacobian J{Xs) of the fiber Xs of n over s. 

The morphism v makes J{X) into a smooth and separated group scheme of finite type over SpecRx- 

Proof. The existence of a group scheme v : J{X) Spec Rx whose fibers are the generalized Jacobians 
of the fibers of tt : X ^ Spec Rx follows by [BLR90i Sec. 9.3, Thm. 7], which can be applied since 
Spec Rx is a strictly henselian local scheme (because Rx is a complete local ring) and the fibers of 
TT : X Spec Rx are geometrically reduced and connected since X is assumed to be so. The result of 
loc. cit. gives also that the map v is smooth, separated and of finite type. □ 

We denote by ^ : SpecRx J('^) the zero section of the group scheme v : J{X) -> SpecRx; in other 
words, C is the morphism which sends every point s e Spec Rx into the trivial line bundle on the fiber 
Xs oi TT : X Spec Rx over s. 

4.1. 1-parameter regular smoothings of X. The aim of this subsection is to study relative fine 
compactified Jacobians associated to a 1-parameter smoothing of a curve X and their relationship with 
the Neron models of the Jacobians of the generic fiber. As a corollary, we will get a combinatorial formula 
for the number of irreducible components of a fine compactified Jacobian of a curve with locally planar 
singularities. 

20 



Let us start with the definition of 1-parameter regular smoothings of a curve X . 



Definition 4.7. A 1-parameter regular smoothing of X is a morphism f : S ^ B ^ Spec R where R is 
a complete discrete valuation domain (DVR for short) with residue field k and quotient field K and S 
is a regular surface and such that the special fiber Sk is isomorphic to X and the generic fiber Sk is a 
smooth curve. 

The natural question one may ask is the following: which (reduced) curves X admit a 1-parameter 
regular smoothing? Of course, if X admits a 1-parameter regular smoothing f : S ^ Spec R, then X 
is a divisor inside a regular surface S, which implies that X has locally planar singularities. Indeed, it 
is well known to the experts that this necessary condition turns out to be also sufRcient. We include a 
proof here since we couldn't find a suitable reference. 

Lemma 4.8. A (reduced) curve X admits a 1-parameter regular smoothing if and only if X has locally 
planar singularities. More precisely, if X has locally planar singularities then there exists a complete 
discrete valuation domain R and a morphism a : Spec R — )■ Spec Rx such that the pull-back 

(4.4) S ^ X 



■ Spec Rx 



B = Spec R - 
is a 1-parameter regular smoothing of X . 

Proof. We have already observed that the only if condition is trivially satisfied. Conversely, assume that 
X has locally planar singularities, and let us prove that X admits a 1-parameter regular smoothing. 
Consider the natural morphisms of deformation functors 



F-.Hr^^ Defx ^ Deq 



n 

pex,i„ 



Def 



obtained by composing the morphism (j3.ip with the morphism p.Sp . Observe that F is smooth because 
the first morphism is smooth since Rx is a semiuniversal deformation ring for Defx and the second 
morphism is smooth by Fact l3.1tpTil) . 

Given an element a £ hn^ (R) = Hom(Spec R, Spec Rx) associated to a Cartesian diagram like in 
(|4.4p . the image of a into Defx,p(R) corresponds to the formal deformation of {X,p) given by 



SpfOx,p 



Spf k. 



■ Spf Os,p 



Spf R. 



Clearly, in order to check that f : S ^ B = SpecR is a 1-parameter regular smoothing of X it is sufficient 
(and necessary) to check that the ring Os,p is regular and that Os,p ®r K is X-smooth, where K is the 
quotient field of R. Conversely, if we find for each p £ ^sing an element of Defx,p(R) corresponding to a 
formal deformation 

^ Spf ^ 



Spf Ox,p ■ 



Spf k. 



Spf R. 



such that A is regular and A®r K is isT-smooth, then using the smoothness of F we can lift this element 
to an element a G hu-^ (R) which will have the desired properties. 

Let us now check this local statement. Since X has locally planar singularities at p e -'^sing, we can 
write 



Ox,p 



if) 



where / — f{x, y) G k[[x, y]] is reduced and such that (0, 0) is the unique singular point of {/ 

df df 

equivalent to say that (0, 0) is the unique solution of the system / — — = — — 

ox oy 

k[[x y t]] d{f + t) 
and set A :— . The ring A is regular since = 1 does not vanish anywhere. The ring 



0}. This is 
0. Take now R := k[[t\] 



if + t) 



dt 



A (E)R K = t^''^' ^j-l is if-smooth since the system of equations (f + t) = ^^'^^ ^ ~ ^ ^ = does 
+ • dx dy 

not have any solution. This concludes the proof of the local statement and along with it the proof of the 
Lemma. □ 

From now till the end of this subsection, we fix a 1-parameter regular smoothing f : S ^ B = Spec R 
of X as in Lemma 14.81 Let Vicf denote the relative Picard functor of / (often denoted Vics/B in the 
literature, see |BLR90[ Chap. 8] for the general theory) and let 'Pic^ be the subfunctor parametrizing 
line bundles of relative degree d G Z. The functor Vicf (resp. Vicj) is represented by a scheme Pic/ 
(resp. Picj) locally of finite presentation over B (see |BLR90[ Sec. 8.2, Thm. 2]) and smooth over B 
(by |BLR901 Sec. 8.4, Prop. 2]). The generic fiber of Pic/ (resp. Picy) is isomorphic to Pic(iSi<-) (resp. 

Note that Pic^ is not separated over B whenever X is reducible. The biggest separated quotient of 
Picj coincides with the Neron model N(Pic'^ Sk) of Pic'^^Sx), as proved by Raynaud in |Ray70[ Sec. 
8] (see also [BLRQOl Sec. 9.5, Thm. 4]). Recall that A^(Pic'^ 5^) is smooth and separated over B, the 
generic fiber N(Pic'^ Sk)k is isomorphic to Pic'^ Sk and N{Pic''' Sk) is uniquely characterized by the 
following universal property (the Neron mapping property, cf. |BLR90[ Def. 1]): every if-morphism 
qk '■ Zk iV(Pic Sk)k — Pic Sk defined on the generic fiber of some scheme Z smooth over B 
admits a unique extension to a i3-morphism q : Z ^ N{Pic'^ Sk)- Moreover, N (Pic'^ Sk) is a _B-group 
scheme while, for every deZ, NiPic'^SK) is a torsor under iV(Pic°5/f). 

Fix now a general polarization q on X and consider the Cartesian diagram 

(4.5) Jf{q) ^Jx{q) 



B — Spec R 5- Spec Rx 

We call the scheme Jf{q) the f -relative fine compactified Jacobian with respect to the polarization q. 
Similarly, by replacing J x{<l) with Jxil) in the above diagram, we define the open subset Jf{q) C Jf{q)- 
Note that the generic fibers of Jf{q) and Jf{q) coincide and are equal to Jf{q)K — Jf{l)K — P'k^-{Sk) 
while their special fibers are equal to J f{q)k = Jx{q) and Jf{q)k = Jx{q), respectively. From Theorem 
14.31 we get that the morphism Jf{q) ^ B is flat and its smooth locus is Jfiq). Therefore, the universal 
property of the Neron model A^(Pic'-' Sk) gives a unique B-morphism qf : Jf(q) iV(Pic'-' Sk) which 
is the identity on the generic fiber. Indeed, J. L. Kass proved in [Kas09[ Thm. A] that the above map 
is an isomorphism. 

Fact 4.9 (Kass). For a 1-paramater regular smoothing f : X ^ B = Spec R as above and any general 
polarization q on X , the natural B -morphism 

qf : Jf{q)^N{Pic\B}SK) 

is an isomorphism. 

From the above isomorphism, we can deduce a formula for the number of irreducible components of 
Jx {q) ■ We first need to recall the description due to Raynaud of the group of connected components of 
the Neron model iV(Pic°(5/f )) (see jBLR90[ Sec. 9.6] for a detailed exposition). 

Denote by Ci, . . . , C-y the irreducible components oi X. A multidegree on X is an ordered 7-tuple of 
integers 

d^{dc^,...,dc^)eZ\ 

We denote by \d\ — J21=i dd the total degree of d. We now define an equivalence relation on the 
set of multidegrees on X. For every irreducible component C; of X, consider the multidegree Ci = 
((Cj)i, . . . , {Ci)j) of total degree defined by 

(Ck)j- = < -J2\c^r\Ck\ ifi = j, 
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where \Ci n Cj \ denotes the length of the scheme-theoretic intersection of C,; and Cj. Clearly, if we take 
a 1-parameter regular smoothing / : 5 — >■ B of X as in Lemma [4.81 then \Ci fl Cj\ is also equal to the 
intersection product of the two divisors Ci and Cj inside the regular surface S. 

Denote by Ax C Z'' the subgroup of Z'' generated by the multidegrees Ci for i = 1, . . . , 7. It is easy 
to see that J2i Q^ — ^ and this is the only relation among the multidegrees Cj . Therefore, Ax is a free 
abelian group of rank 7 — 1. 

Definition 4.10. Two multidegrees d and d' are said to be equivalent, and we write d = d! , ii d—d! G Ax- 
In particular, ii d = d' then |d| = \d'\. 

For every d e Z, we denote by Aj^ the set of equivalence classes of multidegrees of total degree d = \d\. 
Clearly is a finite group under component-wise addition of multidegrees (called the degree class group 
of X) and each is a torsor under A*^. The cardinality of A*^ is called the degree class number or the 
complexity of X, and it is denoted by c(X). 

The name degree class group was first introduced by L. Caporaso in [Cap94[ Sec. 4.1]. The name 
complexity comes from the fact that if X is a nodal curve then c{X) is the complexity of the dual graph 
Tx of X, i.e. the number of spanning trees of Fx (see e.g. |MV12[ Sec. 1.2]). 

Fact 4.11 (Raynaud). The group of connected component of the B-group scheme N (Pic° Sk) IS isomor- 
phic to A^. In particular, the special fiber of N (Pic'^ Sk) for any d E Z is isomorphic to the disjoint 
union of c{X) copies of the generalized Jacobian J{X) of X . 

For a proof, see the original paper of Raynaud |Ray70[ Prop. 8.1.2] or |BLR90[ Sec. 9.6]. 
Finally, by combining Corollary 12.121 Fact 14.91 and Fact 14.111 we obtain a formula for the number of 
irreducible components of a fine compactified Jacobian. 

Corollary 4.12. Assume that X has locally planar singularities and let q be any general polarization 
on X. Then J x{q) has c{X) irreducible components. 

5. The Picard scheme of the universal fine compactified Jacobians 

The aim of this section is to discuss the properties of the Picard scheme of the universal fine com- 
pactified Jacobians u : Jx{q) Spec Rx, introduced in Section S) Following [FGAOSl Chap. 9, Sec. 
2] and [BLR901 Sec. 8.1], we define the relative Picard functor Pic^ as the fppf-sheaf associated to the 
controvariant Picard functor 

Pic„ : Sch/i?x ^ Grps, 

T 1-^ Vic{Jx{q) XspocRx T), 

where Sch/ Rx is the category of schemes over Spec Rx, Grps is the category of abelian groups and Vic 
denotes the Picard group as defined in ll.81 

Following jFGAOSl Chap. 9, Sec. 5, 6] and (BLR901 Sec. 8.4], we consider the two subfunctors of the 
relative Picard functor 

(5.1) Pic° C Pic; C Pic„, 

such that Pic° (resp. PicJ^) consists of the elements of Pic„ whose restriction to all the fibers Xs for 
s e SpecRx belongs to Pic°{X,) (resp. Pic^(A',)), see [LSI 

We summarize the properties of the above functors in the following 

Theorem 5.1. Let X be a curve with locally planar singularities of arithmetic genus Pa{X) and let q be 
a general polarization on X . 

(i) Pic„ is represented by a group scheme Pic( J;t'('z)) locally of finite presentation over SpecRx. 
(ii) Pic^ is represented by an open subgroup scheme Pic^ {Jx{q)) C Pic{Jxiq)) which is of finite type 

and separated over Spec Rx. 
(Hi) If h^{Jx{q),0-j_^f^^^) —paiX), then Pic(J;t'('z)) smooth over SpecRx. 

(iv) Assume that /i^(Jx('z), Cj^j^)) = Pa{X). Then Pic° is represented by an open subgroup scheme 
Pic°{Jxiq)) ^ Pic^(JA'(9))j which is smooth, separated and of finite type over SpecRx. 

Proof. Since Rx is strictly henselian (being a complete local ring with algebraically closed residue field) , 
the fibers of u are such that their irreducible components are geometrically irreducible, see [EstOll 
Lemma 18]. Moreover, the morphism u is projective and flat by Theorem I4.3l(ii1) and the fibers of u are 
geometrically connected by CoroUarv 14.41 Therefore, we can apply Mumford's representability criterion 

23 



for the Picard scheme (see |BLR90[ Sec. 8.2, Thm. 2] or |FGA051 Chap. 9, Thm. 4.18.1]) m order to 
deduce that the relative Picard functor Pic„ is represented by a group scheme locally of finite type over 
Spec Rx, which proves part (0). 

Since u is proper and Pic„ is represented by a scheme, a result of Kleimann |Kle71[ Thm. 5.7] gives 
that Pic^ is represented by an open subgroup scheme Pic^(J;i'('z)) ^ P^'^i^xil)) which is moreover of 
finite type over Spec Rx. In order to prove that Pic^(J;f (g)) is separated over Spec Rx, it is enough 
to prove, using the valuative criterion of separatedness (see [EGAIIl Prop. 7.2.3]), that for any map 
Spec R Spec Rx, where i? is a discrete valuation ring, the base change map 

fB. ■■ Pic^{Jx{q)) xspccRx SpecR = Pic^(JA'(q) xspocRx SpecR) ^ SpecR 

is separated. Since the fibers of Jx{q) XspccRx SpecR — >■ SpecR are geometrically reduced by Corollary 
12. 121 and i? is a discrete valuation ring, a result of Raynaud |Ray70[ Cor. 6.4.5] guarantees that the map 
/fl is separated. Part ([n]) is now proved. 

Before proving the remaining assertions, we prove the following 

Claim: If /i^(Jx(g), C7^(q)) = Pa{X), then the fibers of / : Pic(J;f(g)) — > Spec Rx are smooth of 
dimension pa{X). 

Indeed, if s is a general point of SpecRx, then Xg is a smooth projective curve of genus equal to Pa{X) 
by Fact (|3.ip(pli]) and therefore J xS^) is an abelian variety of dimension equal to pa{X). This implies 
that V\c{J xSl)) is a smooth group scheme of dimension Pa{X) over the residue field k{s) of s. By the 
upper semicontinuity of the dimension of the fibers of / (see |EGAIV3l (13.1.3)]), we deduce that 

(5.2) dimPic(JA', (g)) > Pa{X) for any s € S. 

On the other hand, if /i^( Jx(g), Oj^j-gj) = Pa{X) then by upper semicontinuity of the cohomology 
groups, we get that 

(5.3) (Jx^ (g) , Oj^^ ) < Pa (X) for any s e S. 

Combining and ((O)) . we infer that dim Pic(JA', (g)) > ft-H^^r, (g), Oj^ (,)) for any s e S. This 

implies that, for every s ^ S, Pic{Jx^{q)) is smooth of dimension equal to Pa{X) (see [FGA05[ Chap. 9, 
Cor. 5.13]) which proves the claim. 

Let us now prove part (pli| . Since / is locally of finite type by part equidimensional and the 
codomain SpecRx of / is geometrically unibranch (being regular), then / is universally open by Cheval- 
ley's criterion f |EGAIV3l (14.4.3)]). Moreover, since / is universally open and locally of finite type, the 
fibers of / are geometrically reduced (being smooth) and the codomain Spec Rx of / is locally Noether- 
ian and reduced (being Noetherian and regular), then we conclude that / is flat by [EGAIV31 (15.2.3)]. 
Finally, since / is flat and locally of finite presentation (being locally of finite type over a Noetherian 
codomain) and the fibers of / are smooth, we conclude that / is smooth by [BLR90[ Sec. 2.4, Prop. 8], 
q.e.d. 

Part (|iv)) : since the fibers of / are smooth of the same dimension, the representability of Pic° by 
an open subgroup scheme Pic°{Jx{q)) Q P^c'^{Jx{q)) of finite type over SpecRx follows from [FGA05[ 
Chap. 9, Prop. 5.20]. The morphism Pic°(Jx{q)) Spec Rx is separated by ([n]) and smooth by (jni)) . 

□ 

6. Abel maps 

The aim of this section is to define Abel maps for singular (reduced) curves. Although in the following 
sections we will only use Abel maps for curves with locally planar singularities, the results of this section 
are valid for a broader class of singular curves, namely those for which every separating point is a node 
(see Condition (16. 3p ). which includes for example all Gorenstein curves. 

6.1. Abel maps without separating points. The aim of this subsection is to define the Abel maps 
for a reduced curve X without separating points (in the sense of ll.7p . 

For every (geometric) point p on the curve X, its sheaf of ideals rrip is a torsion- free rank-1 sheaf of 
degree —1 on X. Also, Hp is not a separating point of X, then rrip is simple (see |Est011 Example 38]). 
Therefore, if X does not have separating points (which is clearly equivalent to the fact that (5y > 2 for 
every proper subcurve y of A") then irip is torsion- free rank-1 and simple for any p G X. 
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Let Xa be the ideal of the diagonal A of X x X. For any line bundle L 6 Pic(X), consider the sheaf 
2a ® PiL, where pi : X x X ^ X denotes the projection onto the first factor. The sheaf Xa ® p\L is 
flat over X (with respect to the second projection p2 X x X ^ X) and for any point p of X it holds 

Xa ® P*iL\xx{p} =mp®L. 

Therefore, if X does not have separating points, then Xa ®p\L G Sxi^) where Jx is the functor defined 
by (|2.ip . Using the universal property of Jj,;- (see Fact l2.2tliii1) ). the sheaf Xa ®p\L induces a morphism 

(6.1) A,:X^lx 

p H' trip 8) L. 

We call the map Al the (L-twisted) Abel map of X. 

From the definition (|2.4p , it follows that a priori the Abel map A^ takes values in the big compactified 

Jacobian ^ ^ . Actually, we can prove that the Abel map A^ takes always values in a fine compactified 

Jacobian contained in Jj^-^ 

Lemma 6.1. For every L G Pic(X) there exists a general polarization q on X of total degree \q\ = 
degL — 1 such that Im(AL) C Jx(q)- 

Proof. Consider the polarization q' on X defined as (for every irreducible component Ci of X) 

4=deg^,L--^, 

where "f{X) denotes, as usual, the number of irreducible components of X. Note that for any subcurve 
Y (- X we have that q'^ — degy(L) — and in particular \q'\ = degi — 1. 

We claim that every sheaf in the image of Al is (/'-stable. Indeed, for any proper subcurve $ Y C X 
and any point p G X, we have that 

(6.2) degY{mp^L)~q;^ = degy(L) + degy(mp) - > degy{L) - 1 - = -1 + > -1 > 

where we have used that 7(F) > since Y is not the empty subcurve and that (5y > 2 since X does not 
have separating points by assumption. Since the inequality in (j6.2p is strict, we can deform slightly q' 
in order to obtain a general polarization q such that \q\ = \q'\ and for which (|6.2p is still satisfied. This 
is equivalent to say that ImAL C Jx(q), q.e.d. □ 

Those fine compactified Jacobians for which there exists an Abel map as in the above Lemma 16.11 are 
quite special, hence they deserve a special name. 

Definition 6.2. Let AT be a curve without separating points. A fine compactified Jacobian J x{(l) is 
said to admit an Abel map if there exists a line bundle L G Pic'-'^^(A) such that ImAL C Jx(q). 

Observe that clearly the property of admitting an Abel map is invariant under equivalence by trans- 
lation (in the sense of Definition I2.13P . 

Remark 6.3. It is possible to prove (we leave the easy proof to the reader) that a curve X without 
separating points and having at most two irreducible components is such that any fine compactified 
Jacobian of X admits an Abel map. 

However, in Section [7] we are going to show examples of curves with more than two components 
and having a fine compactified Jacobian which does not admit an Abel map (see Proposition 17.41 and 
Proposition 17. 51) . In particular. Proposition 17.41 shows that, as the number of irreducible components of 
X increases, fine compactified Jacobians of X that admit an Abel map became rare and rare. 

6.2. Abel maps with separating points. The aim of this subsection is to define Abel maps for 
(reduced) curves X having separating points (in the sense of (11.71) ') but satisfying the following 

(6.3) Condition (f) : Every separating point is a node. 

Indeed, there are plenty of curves that satisfy condition (f ) due to the following result of Catanese (see 
|Cat82l Prop. 1.10]). 

Fact 6.4 (Catanese). A (reduced) Gorenstein curve X satisfies condition (|). 
Let us give an example of a curve that do not satisfy condition (f). 
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Example 6.5. Consider a curve X made of three irreducible smooth components Yi, Y2 and Y3 glued at 
one point p £ Yi H ^2 H Y3 with linearly independent tangent directions, i.e. in a such a way that, locally 
at p, the three components Yi, Y2 and Y3 look like the three coordinate axes in A^. A straightforward 
local computation gives that Sy^ = \Yi n {Y2 U Ys)! = 1, so that p is a separating point of X (in the 
sense of ll.7p . However p is clearly not a node of X. Combined with Fact 16.41 this shows that X is not 
Gorenstein at p G X. 

Throughout this section, we fix a connected (reduced) curve X satisfying condition (f) and let {ni, . . . 
,nr-i} be its separating points. Since X satisfies condition (f), each is a node. Denote by X the 
partial normalization of X at the set {ni, . . . ,nr^i}. Since each Ui is a node, the curve X is a disjoint 
union of r connected reduced curves {Yi,...,yr} such that each Yi does not have separating points. 
Note also that X has locally planar singularities if and only if each Yi has locally planar singularities. 
We have a natural morphism 

(6.4) t:X^]]_Y,^X. 

i 

We can naturally identify each Yi with a subcurve of X in such a way that their union is X and that 
they do not have common irreducible components. In particular, the irreducible components of X are 
the union of the irreducible components of the curves Yi . We call the components Yi (or their image in 
X) the separating blocks of X. 

Let us first show how the study of fine compactified Jacobians of X can be reduced to the study 
of fine compactified Jacobians of Yi. Observe that, given a polarization on each curve Yi, we get a 
polarization q := {q^, . . . , q"^) on X defined by q^ = if C is an irreducible component of X contained 
in Yi. We say that q is the polarization induced by the polarizations (q^, . . . , q^). Note that \q\ = J2i k'l- 

Proposition 6.6. Let X be a connected curve satisfying condition (f). 
(i) The pull-back map 

r 

i=l 

{I\Y^,...,I\Y,), 

is an isomorphism. Moreover t*(Jx) = riiJi'i- 
(ii) Given a polarization q^ on each curve Yi, consider the induced polarization q := (q^, . . . ,q^) on 
X as above. Then q is general if and only if each is general and in this case the morphism t* 
induces an isomorphism 

(6.5) r* -.Jxigj^YllYM)- 

i 

(Hi) If q is a general polarization on X then there exists a general polarization q' with \q'\ ~ \q\ on X 
which is induced by some polarizations q^ on Yi and such that 

lx{q)=lx{i). 

Proof. By induction on the number of separating points, it is enough to consider the case where there 
is only one separating point ni ~ n, i.e. r = 2. Therefore the normalization X of X at n is the disjoint 
union of two connected curves Yi and Y2, which we also identify with two subcurves of X meeting at 
the node n. Denote by Ci (resp. C2) the irreducible component of Yi (resp. Y2) that contains the 
separating point n. A warning about the notation: given a subcurve Z C X, we will denote by Z'^ 
the complementary subcurve of Z inside X, i.e. X \ Z, and we set 6z \Z D Z'^\. In the case where 
Z C Yi C X for some i = 1, 2 we will write Yi\Z for the complementary subcurve of Z inside Yi and 
we denote by |Z n Y^ \ Z| the intersection of Z and Yi \ Z. 

Part ^ is well-known, see |Est01i Example 37]. The crucial fact is that if / is simple then / must 
be locally free at the separating point n\ hence t*{I) is still torsion-free, rank-1 and its restrictions 
T*(/)|Y-. = /|Y. are torsion-free, rank-1 and simple. Moreover, since n is a separating point, the sheaf / 
is completely determined by its pull-back t*(/), i.e. there are no gluing conditions. Finally, / is a line 
bundle if and only if its pull-back r* (/) is a line bundle. 

Part (Eil. Observe first that, by the definition of q, for any subcurve Z C X we have 

(6-6) gz = IznY, + IznY, ^ I'znY, + llnY, ' 
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The subcurves of Z (resp. of Yi for i = 1,2) such that Z and Z'^ (resp. Z and Yi\Z) are connected 
will play a special role in the sequel in virtue of Remark 12. 71 and 12. 91 let us examine them carefully. The 
subcurves Z <Z X such that Z and Z'^ are connected can be of three types: 



Case I: Ci, C2 C Z^ =^ Z cYi and Yi\ Z is connected (for some i — 1, 2), 



(6.7) <( Case II: Ci,C2 C Z =^ Z" C Y, and Y, \ Z= is connected (for some i = 1, 2), 

Case III: C^ C Z and Cs-i C Z'' =^ Z ^ Yi and Z'' ^ Y^^, (for some i = 1, 2). 

The number Sz is determined in each of the above cases as it follows: 



\Zr]Y,\Z\ in Case I, 



(6.8) Sz = ■{ IZ" nY.XZ'^l in Case II, 

1 in Case III, 



On the other hand, the subcurves Z C Yi such that Z and Yi\ Z are connected (for some i = 1, 2) can 
be of two types: 



(6.9) 



Case A: Ci Z =^ Z^ is connected. 



Case B: Q C Z => {Y,, \ Z)" is connected. 



The intersection number \Z C\Yi\Z\ is given in each of the above cases by: 

^z in Case A, 



(6.10) \zr\Y,\z\ 



^{ Y \z Y Case B, 



After these preliminaries, we can now prove that q is general if and only if each is general. Assume 
first that each is a general polarization on Yi for i = 1, 2. Consider a proper subcurve Z d X such 
that Z and Z'^ are connected. Using (j6.6p . (16. 7p and (16. 8p . we compute 



Iz-^ 



^ \ZC^Y,\Z\ 
m case I, 



, , , \z^r\Y,\z-\ . 

\l\ - Iz- ^ 2 ^^^'^ ' 

I (7*1 — i in case III. 

In each of the cases I, II, III we conclude that q^ — ^ ^ Z using that is general and \q\, \q^\ e Z. 



Therefore q is general by Remark 12.71 

Conversely, assume that q is general and let us show that is general for i — 1,2. Consider a proper 
subcurve Z cYi such that Z and \ Z is connected. Using (|6.6p . (|6.9p and (j6.10p . we compute 

Sz 



, \znY,\z\ 




in case A, 



m case B. 



In each of the cases A, B we conclude that — ^' ^ ' Z using that q is general and \q^\ E Z. 

Therefore q^ is general by Remark 12.71 

Finally, in order to prove (j6.5p . it is enough, using part ([1]), to show that a simple torsion-free rank-1 
sheaf / on AT has degree \q\ and is g-semistable if and only if /[y. has degree \q^\ and is q'-semistable for 
i — 1,2. Observe first that, since / is locally free at the node n (see the proof of part Q), we have that 
for any subcurve Z C AT it holds 

(6-11) degzil) = degznY^iI) + deg^ny^ W = <^<^SznY^iI\Y,) + deg^nVa (^iv^ )• 

Assume first that /|y. has degree and is (/'-semistable for i = 1,2. Using (|6.1ip . we get 

deg(/) = degy^(/) + degy^(/) ^ \q'\ + \q'\ = \q\. 
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Consider a proper subcurve Z d X such that Z and Z'^ are connected. Using (|6.6p . (|6.7p . (|6.8p and 
(|6.1ip we compute 



|znK, \z| 



deg(/|y3-J + degy^v^(/|yj - |g' 



3-i| 



\z^r\Y,\2-\ 



= < 



Yi\Z^ 

deg(/|y.) - |(? 



\z^nY,\z-\ 



11 

2^2 



in case I, 

in case II, 
in case III. 



In each of the cases I, II, III we conclude that degz{I) ^ + 2 — ^ using that is q'-semistable. 
Therefore / is g-semistable by Remark 12.91 

Conversely, assume that / has degree \q\ and is g-semistable. Using (|6.1ip . we get that 

(6.12) + If I = \q\ = deg(/) = deg;,(/) = degy^(/) + deg^^(/) = deg(/iyj + deg(/|yj. 

Since / is g-semistable, inequalities (|2.10p applied to Yi for i = 1, 2 gives that 

^Y , .1 1 

Since deg(/|y. ) and j^'l are integral numbers, from (|6.13p we get that deg(/|y. ) > j^'l which combined 



(6.13) deg(/|y)=degy(/)>g^ 

itegral numbers, from ([HZ 
with (I6.12P gives that deg(/|y. ) = |(?'|. Consider now a subcurve Z C Yi (for some i — 1,2) such that Z 
and Yi\Z is connected. Using (16. 6p . (|6.9I) . (|6.10p and (16. lip we compute 



degz(/|y.) - gz + ' 



degz(/) -9^ + — 



in case A, 



- deg(/|y3_ J + deg, 



deg 



(y^\zy 



6, 



HYAZY 



'{Y\zr 



in case B. 



q'r^ + > using that / is g-semistable. 



In each of the cases A, B we conclude that degz{I\Yi/ 
Therefore is q'-semistable by Remark 12.91 

Part (pHl) : note that a polarization q' on X is induced by some polarizations q"^ on Yi if and only if 
q'y G Z for z = 1, 2. For a general polarization q on Y, we have that 



YinY2 



Therefore, we can find unique integral numbers mi,m2 G Z and a unique rational number r G Q with 

mi + r. 



i < r < i such that 



(6.14) 



2n 



g.^^ = m2 - r. 



Define now the polarization q' on X in such a way that for an irreducible component C of X, we have 
that 

if C^Ci,C2, 
if C = Ci, 
if C = C2. 

In particular for any subcurve Z <Z X, the polarization q' is such that 



1r 



3.15) 



Iz-"^ 
lz + '' 



if either Ci, C2 C Z or Ci, C2 C Z'^ 
if Ci C Z and C2 C Z'^ 
if C2 C Z and Ci C Z'^ 



Specializing to the case Z — Yi,Y2 and using (|6.14p , we get that 











- r = 


mi e 


Z, 


(6.16) 


< 








m2 e 


Z, 








=4- 


^4 


= mi 


+ m2= gy^ + gy^ = \g 



As observed before, this imphes that q' is induced by two (uniquely determined) polarizations and q^ 
on Yi and Y2, respectively, and moreover that = \q\. 

Let us check that q' is general. Consider a proper subcurve Z <Z X such that Z and Z'^ are connected. 
Using (|6.7I) . (j6.15p and (|6.16l) . we compute that 

X { Q ry ^ in case I and II, 

^ -""^^ ' ' TTT 

f?,^ ^ mi — - m case 111. 

In each of the above cases I, II, III we get that q'^ ~ ^ ^ Z using that q is general and that G Z. 



Therefore q' is general by Remark 12.71 

Finally, in order to check that Jx{q) — J x{q') we must show that a simple rank-1 torsion-free sheaf 
/ of degree equal to \q\ = \q'\ on X is g-semistable if and only if it is g'-semistable. Using Remark 12.91 
it is sufficient (and necessary) to check that for, any proper subcurve Z C X such that Z and Z'^ are 
connected, / satisfies (j2.10l) with respect to q^ if and only if it satisfies (j2.10l) with respect to q'^. If Z 
belong to case I or II (according to the classification (j6.7p '). this is clear by (|6.17p . If Z belongs to case 
III, i.e. \f Z = Yi for some i = 1,2, then, using (|6.14p together with the fact that — ^ < r < ^ and 
mi,degy. (!) G Z, we get that 

S 1 

degy^(/) >gY^-^=^t + (-1)*+V - - > m, - 1 ^ degy^(/) > m^. 

Similarly using (j6.16p . we get that 

6 1 
degy^ (/) > q^. - ^ = TOi - - ^ dcgy^ (/) > TO,. 



iy, 2 2 

(Pl^ with r 

which concludes our proof. 



This show that / satisfies (|2.10p with respect to q^ if and only if it satisfies (|2.10p with respect to q'^ , 

□ 



We can now define the Abel maps for X. 

Proposition 6.7. Let X be a connected curve satisfying condition (f) as above. 

(i) For any line bundle L G Pic(A"), there exists a unique morphism : X — > such that for any 
i — I, . . . ,r it holds: 

(a) the following diagram is commutative 

- 

Y, ^ Jv. 



X 



n 



where tt,; denotes the projection onto the i-th factor, r* is the isomorphism of Provosition lKW^ 
and A^. is the Li-twisted map of (|6.4p for Li := i|Y. . 
(b) The composition 



is a constant map. 

(ii) Let q^ be a general polarization on Yi for any \ < i < r and denote by q the induced (general) 
polarization on X . Then 

Al{X) C lx{q) ^ Al,{Y,) C IyA^) for anyl<i<r. 
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Proof. Part (0): assume that such a map Al exists and let us prove its uniqueness. From ([la]) and (jib)) 
it follows that the composition 

Al : X ^Y[Y, ^ X ^ 1[1y, 

i i 

is such that for every 1 < i < r and every p GYi it holds 

(6.18) {Al)iy, (p) = {Ml. . . , MU.AlXp). M^+i, . . . , Ml) 

for some elements A/j G JJy-^ for j ^ i. Moreover, if we set T~^{nk) = {n^, n^} then we must have that 

(6.19) -42(4) = -42(4) for any 1 < fc < r - 1. 

Claim: There exist uniquely determined elements A/j G Jy^. (for any i ^ j) such that the map Al in 
(|6.18p satisfies the conditions in (|6.19p . 

The claim clearly implies the uniqueness of the map A^ , hence the uniqueness of the map A l . More- 
over, the same claim also shows the existence of the map A^ with the desired properties: it is enough to 
define Al via the formula (|6.18p and notice that, since the conditions (|6.19p are satisfied, then the map 
Al descends to a map : X — > Jj^-. 

It remains therefore to prove the Claim. Our proof is by induction on r, the case r — 1 being trivial. 
In order to avoid confusions, we will now denote by Yl C X the image of the component Yi (Z X via the 
morphism r. Certainly one among the subcurves Yl C X , call it Yl, is such that X' :— ljj>2 Yi C X is 
connected. This is equivalent to say that there is only one separating point, call it rti, belonging to Yl. 
Up to renaming the subcurves F/, we can assume that ni — Yl n The connected curve X' certainly 
satisfies condition (f ) and it has r — 2 separating points. Therefore, by induction, there exist uniquely 
determined elements Mf with i ^ j '>'2. such that the map defined by (j6.18p with respect to the curve 
X' satisfies the conditions in (|6.19[) for fc > 2. Now, from condition (|6.19[) applied to rii we deduce that 

Ml = m„i ® Li, 

(*) { Ml = m„2 ® L2, 

Ml = Ml for any fc > 3. 

Moreover, by taking the first component of the equality that we get from condition (j6.19p applied to the 
other nodes rih with h > 2, we deduce that 

(**) M^ = Ml for any h>3. 

By combining (*) and (**), we see that the elements Mf with either i = 1 or j = 1 are uniquely 
determined by the elements M^ with h,k > 2 and this concludes the proof of the claim. 

Part (in]) follows easily from the diagram in (pii)) and the isomorphism (j6.5p . □ 

We call the map Al of Proposition 16 . 7t( i)) the (L-twisted) Abel map of X. Note that special cases of 
the Abel map A^ in the presence of separating points have been considered before by Caporaso-Esteves 
in |CE07[ Sec. 4] for nodal curves and Caporaso-Coelho-Esteves in [CCE08I Sec. 4 and 5] for Gorenstein 
curves. 

We can extend Definition 16.21 to the case of curves satisfying condition (f) from (|6.4p . 

Definition 6.8. Let X be a curve satisfying condition (f). We say that a fine compactified Jacobian 
Jx{q) of X admits an Abel map if there exists L G Pic'-'~''^(X) such that ImAL C Jx(q). 



By combining Propositions 16.61 and 16.71 we can easily reduce the problem of the existence of an Abel 
map for a fine compactified Jacobian of X to the analogous question on the separating blocks of X. 

Corollary 6.9. Let X be a curve satisfying condition (f) with separating blocks Yi,- ■ - Yr. 
(i) Let q be a general polarization of X and assume (without loss of generality by Provosition 1 6. 6TpIi|) j 
which is induced by some general polarizations on Yi. Then Jx{q) admits an Abel map if and 
only if each JYi{<t) admits an Abel map. 
(ii) For any L G Pic'^(X) there exists a general polarization q on X of total degree \q\ = d—\ such that 
ImAL CJx(q). 

Proof. Part (P follows from Proposition 16 . 7tpll) . Part ^ follows from Proposition I6.7t|li)) together with 
Lemma 16.11 □ 
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Note that if Jx{q) is a fine compactified Jacobian oiX and L G Pic^^^'^^ {X) is such that ImAL Q Jx(q), 
then the Abel map : X ^ Jx{q) C JJ^ induces via pull-back a honiomorphism 

(6.20) Al:Pic(Jxiq))^PHX)=Ix, 

which clearly sends Pic°(7jf (g)) into Pic°(X) = J{X). 

When is the Abel map an embedding? The answer is provided by the following result, whose 
proof is identical to the proof of ^CCEOS , Thm. 6.3]. 

Fact 6.10 (Caporaso-Coelho-Esteves). Let X be a curve satisfying condition (f) and L G Pic(X). The 
Abel map A^ is an embedding if and only if X does not have separating blocks isomorphic to P^. 

In general, the Abel map Al contracts the separating blocks isomorphic to into ordinary singularities 
with linearly independent tangent directions. 

7. Examples: Locally planar curves of arithmetic genus 1 

In this section, we are going to study fine compactified Jacobians and Abel maps for singular curves 
of arithmetic genus 1 with locally planar singularities. According to Fact 16.41 such a curve X satisfies 
the condition (f) and therefore, using Proposition 16.61 and Proposition 16.71 we can reduce the study of 
fine compactified Jacobians and Abel maps to the case where X does not have separating points (or 
equivalently separating nodes). Under this additional assumption, a classification is possible. 

Fact 7.1. Let X be a (reduced) connected singular curve without separating points, with locally planar 
singularities and Pa{X) — 1. Then X is one of the curves depicted in Figure{^and called Kodaira curves. 

Proof. Since X has non separating points and Pa{X) = 1 then X has trivial canonical sheaf by [EstOll 
Example 39]. These curves were classified by Catanese in |Cat821 Prop. 1.18]. An inspection of the 
classification in loc. cit. reveals that the only such singular curves that have locally planar singularities 
are the ones depicted in Figure [TJ i.e. the Kodaira curves. □ 

Note that the curves in Figure [T] are exactly the reduced fibers appearing in the well-known Kodaira's 
classification of singular fibers of minimal elliptic fibrations (see |BPV841 Chap. V, Sec. 7]). This 
explains why they are called Kodaira curves. 




Figure 1. Kodaira curves. 



Abel maps for Kodaira curves behave particularly well, due to the following result proved in [EstOll 
Example 39]. 

Fact 7.2 (Esteves). Let X be a connected curve without separating points and such that pa{X) = 1. 
Then for any L G Pic(A') the image Al{X) C ^-^ of X via the L-twisted Abel map is equal to a fine 
compactified Jacobian J x{q) of X and A^ induces an isomorphism 

Al-.X ^ AL{X)^lx{q)- 
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From the above Fact 17.21 we deduce that, up to equivalence by translation (in the sense of Definition 
I2.13p . there is exactly one fine compactified Jacobian that admits an Abel map and this fine compactified 
Jacobian is isomorphic to the curve itself. This last property is indeed true for any fine compactified 
Jacobian of a Kodaira curve, as shown in the following 

Proposition 7.3. Let X he a Kodaira curve. Then every fine compactified Jacobian of X is isomorphic 
to X. 

Proof. Let Jx{q) be a fine compactified Jacobian of X. By Lemma 14.81 we can find a 1-parameter 
regular smoothing f : S ^ B = Spec R of X (in the sense of Definition 14.71) , where R is complete 
discrete valuation ring with quotient field K . Note that the generic fiber Sk of / is an elliptic curve. 
Following the notation of tj4.H we can form the /-relative fine compactified Jacobian tt : Jf{q) ^ B 
with respect to the polarization q. Recall that tt is a projective and fiat morphism whose generic fiber 
is Pic'-I(5i<-) and whose special fiber is Jx{q). Using Theorem 14.31 it is easy to show that if we choose 
a generic 1-parameter smoothing / : 5 — > S of X, then the surface J f{q) is regular. Moreover, Fact 
14.91 implies that the smooth locus Jf{q) — )> B of tt is isomorphic to the Neron model of the generic fiber 
Pic'-' (iSif). Therefore, using the well-known relation between the Neron model and the regular minimal 
model of the elliptic curve Pic'-'(5i<-) = Sk over K (see |BLR901 Chap. 1.5, Prop. 1]), we deduce that 
TT : J f{q) B is the regular minimal model of Pic-'(iS/f). In particular, tt is a minimal elliptic fibration 
with reduced fibers and therefore, according to Kodaira's classification (see see |BPV84[ Chap. V, Sec. 
7]), the special fiber Jx{q) of tt must be a smooth elliptic curve or a Kodaira curve. 

According to Corollarv l4.12l the number of irreducible components of Jx{<t) is equal to the complexity 
c{X) of X. However, it is very easy to see that for a Kodaira curve X the complexity number c{X) is 
equal to the number of irreducible components of X. Therefore if c{X) > 4, i.e. if X is of Type with 
n > 4, then necessarily Jxil) is of type /„, hence it is isomorphic to X. 

In the case n < 3, the required isomorphism Jx{q) — X follows from the fact that the smooth locus 
of Jx{q) is isomorphic to a disjoint union of torsors under Pic-{X) (see Corollarv l2.12p and that 

Pic-(X] - J^™ if is of Type / or /„ (n > 2), 
^ [Ga if X is of Type //, /// or IV. 

□ 

Let us now classify the fine compactified Jacobians for a Kodaira curve X, up to equivalence by 
translation, and indicate which of them admits an Abel map. 



X is of Type / or Type II 



Since the curve X is irreducible, we have that the fine compactified Jacobians of X are of the form 
for some d £ Z. Hence they are all equivalent by translation and each of them admits an Abel map. 



X is of Type /„, with n> 2 



The fine compactified Jacobians of X up to equivalence by translation and their behavior with respect 
to the Abel map are described in the following proposition. 

Proposition 7.4. Let X be a Kodaira curve of type In (with n > 2) and let {Ci,...,C„} be the 

irreducible components of X , ordered in such a way that, for any \ < i < n, Ci intersects Cj_i and Ci+i, 
with the cyclic convention that C„+i :— Ci. 

(i) Any fine compactified Jacobian is equivalent by translation to a unique fine compactified Jacobian 
of the form Jx{q) for a polarization q that satisfies 



(*) q= \qi,...,qn-i,-}qi \ with < qi < 1 




(**) ^ ft 2 for any l<r<s<n-l, 



k 

(***) q^ = — with ki — 1, . . . ,n — 1, for any 1 < i < n — 1. 



n 
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In particular, there are exactly (n — 1)! fine compactified Jacobians of X up to equivalence by 
translation. 

(ii) The unique fine compactified Jacobian, up to equivalence by translation, that admits an Abel map 
is 

— fn—1 n — 1 (n— 1)^' 
\ n n n 

Proof. Part (ji]): given any polarization q' , there exists a unique polarization q that satisfies conditions 
(*) and such that q — q' G Z". Since any connected subcurve F C X is such that Y or Y'^ is equal to 
U . . . U Cs (for some l<r<s<n—l) and 5y = 2, we deduce that a polarization q that satisfies (*) is 
general if and only if it satisfies (**). Hence any fine compactified Jacobian is equivalent by translation 
to a unique Jx{q), for a polarization q that satisfies (*) and (**). Consider now the arrangement of 
hyperplanes in R"^^ given by 

for all 1 < r < s < n — 1 and all n e Z. This arrangement of hyperplanes cuts the hypercube [0, 1]" ^ 
into finitely many chambers. Notice that a polarization q satisfies (*) and (**) if and only if it belongs to 
the interior of one of these chambers. Arguing as in the proof of Lemma [2.141 it is easy to see that two 
polarizations q and q' satisfying (*) and (**) belong to the same chamber if and only if J x{q) = J x{q')- 
Now it is an entertaining exercise (that we leave to the reader) to check that any chamber contains 
exactly one polarization q that satisfies (***). This proves the first claim of part The second claim 
in part ([!]) is an easy counting argument that we again leave to the reader. 

Part (|ii|): if we take a line bundle L of multidegree dcgL = (1, . . . , 1, — (n — 2)) then from the proof of 

LemmaOit follows that ImAL C J Jx(^, • • • , -■^^^^)- Therefore, from Fact O it follows 
that J is the unique fine compactified Jacobian, up to equivalence by translation, that admits an Abel 
map. 

□ 



X is of Type /// 



Since X has two irreducible components, then every fine compactified Jacobian of X admits an Abel 
map by Remark 16.31 By Fact 17.21 all fine compactified Jacobians of X are therefore equivalent by 
translation. 



X is of Type IV 



The fine compactified Jacobians of X up to equivalence by translation and their behavior with respect 
to the Abel map are described in the following proposition. 



Proposition 7.5. Let X be a Kodaira curve of type IV 

nil frn'nclni-in'n iri eii-n^^r ■ — T ir I 

^3' 3' 3 



(i) Any fine compactified Jacobian of X is equivalent by translation to either Ji :— Jx or 



J2 ■— Jx (1,^,-^)- _ 
(ii) J I admits an Abel map while J 2 does not admit an Abel map. 

Proof. Part (P is proved exactly as in the case of the Kodaira curve of type I3 (see Proposition 17. 4l| i|)). 

Part (jn]): if we take a line bundle L of multidegree degL — (1,1,-1) then ImAL Q J^ as it follows 
from the proof of Lemma |6. 11 Therefore Ji admits an Abel map. 

Let us now show that J2 does not admit an Abel map. Suppose by contradiction that there exists a line 
bundle L of multidegree deg L = {di, ^2,(^3) such that Al{p) = irip ® L ^ J2 where p denotes the unique 
singular point of X. The stability of rrip Cg) i with respect to the polarization ((71,92,93) = (5, 5, ~|) 
gives for any irreducible component Ci oi X: 

Sc 

-l + di= dcgc^ {mp ® L) > qi + ^ = qi - I. 

We deduce that di > 1, ^2 > 1 and ^3 > 0. However if ImAL C J2 then the total degree of L must be 
one, which contradicts the previous conditions. 

□ 

Remark 7.6. Realize a Kodaira curve X of Type IV as the plane cubic of equation y{x + y){x — y) = 0. 
One can show that the singular point in Ji and in J2 correspond to two sheaves that are not locally 
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isomorphic: the singular point of Ji is the sheaf Ii := trip (g) L where trip is the ideal sheaf of the point 
p defined by {x,y) and L is any line bundle on X of multidegree (1, 1, , —1); the singular point of J2 is 
the sheaf I2 := Xz ® M where Xz is the ideal sheaf of the length 2 subscheme defined by (x, ip) and M 
is any line bundle on X of multidegree (1, 1,0). 

Moreover, denote by X the seminormalization of X (explicitly X can be realized as the union of three 
lines in the projective space meeting in one point with linearly independent direction) and tt : X — > X is 
the natural map. Using the Table 2 of [Kas 12(b)] (where the unique singularity of X is called and the 
unique singular point of X is classically called then it can be shown that, up to the tensorization 
with a suitable line bundle on X, I2 is the pushforward of the trivial line bundle on X while Ii is the 
pushforward of the canonical sheaf on X, which is not a line bundle since X is not Gorenstein (see 
Example 16. 5p . 

Remark 7.7. Simpson's compactifled Jacobians (which are not necessarily fine) of Kodaira curves are 
studied by A. C. Lopez Martin in |LM05[ Sec. 5]. 

8. The Poincare bundle 

The aim of this section is to introduce the Poincare line bundle for fine compactifled Jacobians and 
to study its properties. 

With this in mind, consider the triple product X x ^ Sx and, for any 1 < i < j < 3, denote by pij 
the projection onto the product of the i-th and j-th factors. Choose a universal sheaf X o\\ X x as in 
Fact I2.2tpli| and denote by 1° its restriction to X x Jx C X x J^^- . Consider the trivial family of curves 

and form the line bundle on JJ^ x Jx, called the Poincare bundle: 

(8.1) V := Pp,3 ® P*i3^r' ^ T^P.. (Ph^) ® ^?P.3 iP^I) 

where T>p^^ denotes the determinant of cohomology with respect to the morphism p23- For the ba- 
sic properties of the determinant of cohomology, we refer to iKM76| (see also [EstOfi Sec. 6.1] for a 
summary) . 

Let us now examine how V depends on the choice of the universal sheaf X. According to Fact I2.2tliii]) , 
any universal sheaf I on AT x JJ^ is related to X via 

i = X(x)tt;{N), 

for some N G Pic(Jx), where tt2 : X x Ix ^ Jx denotes the projection onto the second factor. 
Accordingly, the restriction X^ of X to X x Jx is given by = 1° (g) 7r2(A^°), where := N\j^ and 
7r2 : A X Jx ^ Jx denotes still the second projection (with a slight abuse of notation). If we denote by 
Pi {i = 1,2) the projection of Ix x Ix onto the i-th factor, then, using the standard properties of the 
determinant of cohomology (see jKM76| ) , we get that 

^^2) , =Pp,3(p^2i®K3^°)®(K^^®p;^°)^^''-^''^^^^"\ 

I I?p,3 {pl,X^) = Pp,3 {pl,X^ ® P;3P2N°) - Pp.3 (Ph^) ® (p; A0)>^(^'-X'') ^ 

. T^P.M2i) = Vp,M2i^p*23P*iN) = t^p.Ap*i2^) ® (KA^)^(^-^\ 

where x denotes the Euler characteristic on the fibers of p23- If we denote by deg the degree on the fibers 
of P237 then, since X'^ is a line bundle, we get that 

(8.3) xiP*i2^ » phX^) - xiPuI) + deg(K3^) = xiph^) + degipl^X). 

Denote now by V the sheaf on JJ^ x ^x obtained from formula (j8.ll) by replacing X with X. Combining 
((O)) and (1131), we get that 

(8.4) P = T'® (KA^)~'^'SPl3(2:°) ^ ^p*^oydcepl,{i)_ 

In particular, the restriction of V to ^x x uniquely determined up to pull-back of a line bundle on 

via the map p2- Therefore, for any M S Pic°(A), we get a well defined line bundle 
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Explicitly, since the determinant of cohomology commutes with base change, using (|8.ip we get that the 
line bundle Vm on JJ^ is given by 

(8.5) Vm = V^A^ ® 7r*M)-i ©^.(ttJM) ® 

where as usual tt^ denotes the projection of X x onto the z-th factor (for i = 1,2) and I is a universal 
sheaf on X X as in Fact I2.2tpli]) . 

For any general polarization q on X, using the universal property of Pic(Jx(9)), we get an algebraic 
morphism 

^,:J^=Pic"(X)^Pic(Jx(g)), 

Note that, from (|8.5p . it follows that (5q{Ox) — i'Pc>x)\7x{q} ~ ^7x{q)' Therefore the morphism 
restricts to a morphism 

/3, : Pic°(X) = Pic^(X) ^ Pic°(Jx(g)), 

Proposition 8.1. For any general polarization q on X, the maps /3q and j3q are homomorphisms of 
group schemes. 

Proof. Since we have already observed that the maps in question are algebraic morphisms, it remains to 
prove that 

(8.8) "Pmi^iMs = "Pmi (Si 'Pm2- 

for any Mi,M2 G Pic°(X). 

In order to prove this, observe that we can write (for i — 1,2) Mi — Ox{^li 5i), where 7^ and 5i 
are effective divisors contained in the smooth locus of X. Moreover, we can clearly assume that 5i and 
$2 (resp. 71 and 72) have disjoint support. 

Consider the following two exact sequences that are derived from the two exact sequences defining 
O^, and Os, ■ 

0^Ox{-l^)^Ox^O^^^0, 
^ Ox{~li) ^ M. ^ M^s^ = Os, ^ 0. 
Pulling back (j8.9p via tti and using the additivity of the determinant of cohomology, we get 

(8.10) V^,{ttIM,) = V^.inlM,) ® 2?,,«Ox)"' = V^.iirlOs,) ® V^,{ttIO^^)-\ 

Similarly, by tensoring the pull-back via tti of two exact sequences (|8.9p with X and using the additivity 
of determinant of cohomology, we get 

(8.11) 2?^,(X®7ri*M,)-i ®2?^,(X) = 2?^, (Z ttJO^J-i P^, (X ® ttJO^J. 
By plugging (I5AU)) and ([gJT]) into the ([H3]), we get 

(8.12) V^u = V^^{X®nlOs,y^ ® V^,{I » 7r*O^J (g) V^,{ttIOs^) ® V^,{ttIO^^)-\ 
Since Mi (g) M2 — Ox (—71 — j2 + Si + S2), we get in a similar way that 

(8.13) VM.mh = V^,{X rg TrlOs.uS^y^ ® 2?^, (X ttJO^^uts) ® 'D^,{tt*iOs,uS2) ® r>^, (7^^0^,u72)"^• 
Since ^1 and 62 (reps. 71 and 72) are zero-dimensional subschemes of X with disjoint support, for any 
coherent sheaf on X x JJ^ we have that 

"^"^^ V^^ (T ® Til e'7iU72 ) = ^TTs ® TT* O^, ) (g> V^., [F ® TTi* O^^ ) . 

Comparing formulas (|8.12p and (|8.13p and using (|8.14p . we get the required formula (|8.8p . □ 

Remark 8.2. With an argument similar to the one in the proof of the above Proposition l8.1[ it is possible 
to get a description of the fibers of the Poincare bundle. More precisely, given (/, M) G Jx ^ with 
M = Ox{J2'^iQi) ^ divisor J^'^iQi supported on the smooth locus of X, then the fiber of V over 
{I,M) is canonically isomorphic to 

(8.15) ni,M)^<^ilQ-®OQ,r^^. 
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An important property of the line bundles Vm on is the fact that they are invariant under pull-back 
for the multiplication map by an element TV £ Pic(X): 

(8.16) -«A^:Jx-Jx 

^ ' I ^ I(g,N. 

Lemma 8.3. For any N e Pic(X) and M € Pic°(X), we have that 

{-®NyvM = VM- 

Proof. Consider the following commutative diagram 

- (id.-(»N) _ 

(8.17) X xlx—^X xSx 



By definition of the multiplication map — ® N , it follows that 

(8.18) (id, - ® N)*X = X (g) TTjl'N. 

Using (|8.5p and (|8.18l) , together with the fact that the determinant of cohomology commutes with pull- 
back, we get 

(8.19) (- ® N)*Vm - 25^2 ® T'lN ® 7r*M)-i ® V^, (7r*M) (g) V^, {I (g) 7r*7V). 

By comparing (18. 5p with (j8.19l) , we deduce that the statement of the Lemma is equivalent to 

(8.20) V^,{I (g) nlM)-^ (g,V^,{I) = 2?^, (I (g) 7r*iV 7r*M)-i ® P^, (X ® 7r*iV). 

In order to prove (I8.20p . write M = Ox {—J + 5) where 7 and 5 are two effective divisors on Xsm. By 
pulling back via tti the two exact sequences associated to the two effective divisors j,S C X and tensoring 
with a suitable line bundle on X x JJ^, we get the two exact sequences on X x ^x- 



(8.21) 



I ^Z®7rJ'0(-7) -^KgTTlM -^I^^-i^^g^ 0, 
From (|8.2ip and the additivity of the determinant of cohomology, we get that 

(8.22) V^,{I(gTT*M)-^g)V^,{I) = P,,(I|^-i(5))-i (gP,,(Z|^-i(^)). 

Similarly, by tensoring the two exact sequences (I8.2ip with tt^ (N) and using the additivity of the de- 
terminant of cohomology together with the fact that (I® "'1^^)1^-1(5) = ^\Tr^^{5) similarly with S 
replaced by 7, we get that 

(8.23) 2?,,(I® g) 7r*7V)-i (g P,, (T (g 7r*7V) = V^^il^^-if^^^)-^ ® 2?,,(X|^-i(^)). 

By putting together (j8.22l) and (I8.23p . we get the isomorphism in (j8.20L q.e.d. □ 

The Poincare bundle behaves well with respect to the decomposition of a curve into its separating 
blocks in the sense of '• 



Lemma 8.4. Let X be a curve satisfying condition (f) from (|6.3I) and denote by Yi, . . . ,Yr its separating 
blocks. Let M e J{X) = Pic^^(X) and set Mj := M^y^ £ J{Yj) = Pic^(rj). Denote by Vm e Pic°(Jx) 
and Vmj G Pic°(Jy^) the corresponding fibers of the Poincare bundles for the curves X and Yj, respec- 
tively. Then the push-forward of Vm via the isomorphism t* : ^x Y\j Jy, Proposition 1 6. 6t p]) is 
equal to 

Vm^^.-.^Vm^ ■■^P*i{VmJ^-.-^p;{VmJ, 
where pj : Yii Jy — ^ Jy^ is the projection onto the j-th factor. 
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Proof. Consider the following commutative diagram 

(8.24) 1 Z:=(r X (r*)-i)*(I) := (id x pj)*(Ij) Ij 



X X 



T X (r*) 



xid 



where I (resp. 2j) is a universal sheaf for (resp. JJy^) as in Fact I2.2lpli|) . t : X = JJ^ 1^ — > X is 
the normalization of X at the separating nodes of X (see (j6.4[) ). rjj : Yj ^ X = Yii^i is the natural 
inclusion. Denote by tti, tti, tti"', tt^ the projections onto the first factors of the products appearing in 
the middle row of diagram (I8.24p . 

Since a torsion- free rank-1 sheaf on X is completely determined by its pull-back to X by Proposition 
I6.6tlil) . we have that the pull-back of Vm to Yli ^Yi via the isomorphism (r*)^^ is equal to 

(*) {ir*)-'nVM) = iir*)-'r {V^,{I®TTlM,r^®V^,{TTlM,)®V^,{I)) = 

= V^^{X® ^i*M)-' ® (?r*M) ® (I) . 
Since X is the disjoint union of the subcurves Yi and (rjj x id)* (I) — 2j, we have that 
(**) 2?S5(I«)?I*M)-i ®2?55(?r*A/)cg)2?5;j(I) = 



i=i 



(X, (vr M.)"' ® 2?ff3. ((^'r M,) ® (X,) 



Finally, since the square in the right of diagram (j8.24l) is cartesian, applying the base change properties 
of the determinant of cohomology, we get 

(***) P*{Vm, ) - P* (2?.,. {I, ® i^i'TM,)-^ ® V^^j {{ni'TM,) ® P^,, {!,)) = 

By combining (*), (**) and (***) we get the equality 

r 



which concludes the proof. 



□ 



Given any Abel map and choosing a fine compactified Jacobian Jxil) such that IuiAl C Jx(q) 
(which is always possible due to Corollarv l6.9tliil) ). the morphism /3q of (j8.7p provides a right inverse for 
the morphism A*j^ of (|6.20l) . This is originally due to Esteves-Gagne-Kleiman in the case where X is 
integral (see |EGK021 Prop. 2.2]). 

Proposition 8.5. Let X be a curve satisfying condition (f). Then, for every L G Pic(Ar) and any 
general polarization q such that ImAL C Jx(q), we have that 

Al o^g = idj(x)- 

In other words, for every M G J{X) = Pic-(A") we have that A*^{{VM)\j^(^q)) = M . 

Proof. We will first prove the Proposition in the case where X does not have separating points and then 
in the general case. 

Case I: X does not have separating points. 

The proof in this case is an easy adaptation of |EGK02[ Prop. 2.2]. We include the proof for the 
reader's convenience. 

Clearly, the composition o (3q : J{X) — > J{X) is the morphism induced by the line bundle {Al x 
{dyv on X X J{X). Since the determinant of cohomology commutes with base change, we get from 
H) that 

{Al X iA)*r^Vj,,,{piSd X Ai)*i®K3xO)-i ® Pp,3(p];3i") ® 2?p,3(p];2(id x AlTi), 



..25) 
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where we denote, as usual, by pij the projection of X x X x J{X) onto the product of the i-th and j-th 
factor. 

Note that the Abel map Al X ^ Ix is defined by the sheaf (id x Ai^)*{2) on X x X because of the 
universal property of I (see Fact I2.2tliii|) ') as well as by the sheaf Ia ® PiL by the definition of Al (see 
(I6.ip ). Therefore, the two sheaves (id x Al)*(I) and Ia ® PiL differ by the pull-back of a line bundle 
on X via the second projection p2 X x X ^ X. With the same computations that lead to (|8.4p . it is 
easy to prove that, since we are restricting ourselves to Pic-(A") — J{X), we can replace in (18.251) the 
sheaf (id x Al)*(I) with the sheaf Ia ®p\L\ hence we get 

(8.26) {Al X id)*P = Pp,3 [pI^Ia ® pIL ® pl^T^)'^ ® Vp,^ {p\^l^) ® Vp,, (pI^Ia p^L), 

In order to evaluate the right hand side of (|8.26p . consider the exact sequence defining the diagonal 
Ac X xX: 

(8.27) ^ Ia ^ Oxxx -^Oa^O. 

Pulling back the sequence (|8.27p to X x X x J{X), tensoring it either with p\L ®p\^I^ or with p\L and 
using the additivity of the determinant of cohomology, we get 

\Vp,,{pi2iA®PlL®pi^i°) = VpML®p\^:^)®{p\L®:^)-\ 

(8.28) 

Consider the following Cartesian diagram 



-P23(pt2^A ®pIL) = Vp^,{plL) ® (p*i) 



X X X x J{X) 



X X J{X) 



P13 



X X J{X) 



J{X). 



Since forming the determinant commutes with base change, we get that 

f 2?p,3 iplL ® p^gJ") = p*Vp, {plL ® 1°), 



5.29) 



Vp,ML)=p;VpML). 



[Pp,3(pj3l°)=ppp,(j°). 

Substituting (jS:^ and into IK^ . we get that {AlX id)*P differs fromI° by tensor product with 

the pull-back of a line bundle on J{X) via the projection map p2- Since is the universal sheaf above 
X X J{X), the map J{X) = Pic-(X) — > Pic(X) induced by 1° is the identity. The same is therefore true 
for the map induced by {A^ x id)*?^, which is the map A*j^ o /3q as observed earlier, q.e.d. 
Case II : X satisfies condition (f). 

Let for 1 < i < r be the separating blocks of X as in H6.2l and set Li :— L^y^ G Pic(yi). According 
to Proposition [HiSl we can assume that the general polarization q is induced by the general polarizations 

on Yi, for 1 < i < r. Proposition 16 . Ttplj) . together with our hypothesis on q, ensures that ImAL; C 
JYi(q') ^ JJvi foi' every 1 < i < r. Using Proposition in^nMn]) , we get the following diagram 



(8.30) 



JiX): 




n,Pic°(Jy.(90) 




:Pic°(Jx(9)), 



where r* is the map induced on Pic° by the map r* of Proposition I6.6tliil) and /3g is the map (18. 7p with 
respect to the general polarization on the curve Yi. Proposition 16 . 7tp ]) implies that the two maps from 
Pic° (JJy. ) to Yli J{Yi) that arise from diagram (|8.30l) are equal. Lemma [8.41 can be re-interpreted as 
saying that the two maps from J{X) to Pic°(J_Y) that arise from diagram (|8.30p are equal. 

Since each Yi does not have separating points, then we have that A^. ° l3q ~ idj(Yi) Case I. This 
implies that A*j^ o /3q = idj(x) by an easy diagram chase in (|8.30l) . □ 
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An immediate consequence of the above result is the fohowing: 



Corollary 8.6. Let X be a curve satisfying condition (f) and let q be a general polarization on X . If 
Jx{q) admits an Abel map (in the sense of Definition \6.8\) . then the homomorphism j3q : Pic-(X) — !> 
V\c° {J x{q)) is injective. 

9. COHOMOLOGY OF RESTRICTED POINCARE BUNDLES 

The aim of this section is to prove some results about the cohomology of restricted Poincare bundles 

■= ^|J^x{M} (■^ith M e Pic-(X)) to the fine compactified Jacobians of X. 
The first result is a generalization [Aril 11 Prop. 1], which deals with X integral. 

Proposition 9.1. Let M £ Pic-{X) — J{X) and let q be a general polarization on X . If H^{J x{q)^'PM) ^ 
for some i, then Vm\Jx ^ ■ 

Proof. The proof is an adaptation of the proof of (Aril 11 Prop. 1]. However, for the benefit of the reader, 
we chose to give some more details than in loc. cit. 

Note that the generalized Jacobian J{X) = Pic-(X) = acts on Jx{q)- Denote by T ^ J{^) the 
G„i-torsor corresponding to the line bundle i'PM)\,j(x)- Then we have that: 

Claim 1 : T is a commutative algebraic group that is an extension of J{X) by Gm, i.e. there is a 
sequence of commutative algebraic groups 

(9.1) ^ (G,„ ^ T ^ J{X) 0. 

Let p G X and let I- be a universal sheaf on AT x J{X) such that its restriction at px J{X) is trivial. 
Let m : J{X) x J{X) — > J{X) be the multiplication map and tt^j : X x J[X) x J{X) -> A x J(A) be 
the projection maps. By the see-saw principle, the line bundles ttJ' gl-fSiTr* 3X- and {\dx x m)*I- on A x 
J(A) X J{X) are isomorphic. Let cr be a nowhere vanishing section of (X-)|px,/(x)- The section a induces 
nowhere vanishing sections of {t^i^2^-®t^i^z^-)\pxJ{x)xJ(x) and u of {(\dx x m)*I-)|pxj(x)x j(X)- Let 
(j) : TT^" ® Ti'i.sl- (idx X m)*I^ on A x J{X) x J{X) be an isomorphism sending a to a. A 
straightforward computation shows that cj) makes the complement of the zero section in I- into a group 
scheme over A. As a consequence, for any s e A the isomorphism cf) induces a group structure on the 
complement Tg of the zero section in ^sxj{X)' 

Let Pi be smooth points of A such that AI = 0{J2<^iPi) and set 5 :— >o ^^'^ ^ ■~ 
— J2a <o ^iPi- By equation (|8.15p . we get a canonical isomorphism 

'Pm\j{x) = 0(^^>xj(X))"'''- 

i 

Hence T is the complement of the zero section in ^ 7(x))~"' ^^'^ carries a group structure which 

is induced by the group structures on the Tp. . 

This group structure makes T an abelian group and its natural group morphism onto J(A) produces 
the exact sequence (|9.ip . 

Claim 2 : The action of J{X) on Jx{q) lifts to an action of T on (^A/)|7^(q)- Moreover, Gm C T acts 
on (7'M)|7^(g) fiberwise in the standard way by multiplication. 

As for the previous claim, let p e A and let 13. be a universal sheaf on A x Jx{q) such that its 
restriction at p x Jxil) is trivial. Denote by pi^2 '■ A x J(A) x Jx{q) — > A x J(A) and by pi.3 : 
A x J(A) X Jx{q) A X Jx{q) the projection maps and let a : J(A) x J x{q) J x{q) be the action of 
J{X) on J x{q)- In this case the see-saw principle gives an isomorphism ?/; : p\2l^®Pi,3'^- ^ (idxxa)*!-. 
Moreover a suitable choice of ip (analogous to the choise of in the previous claim) gives an action over 
A of the complement of the zero section in I- on I3-. Hence, for every s G A, the isomorphism ip induces 
an action of Tg on Since equation (I8.15P gives the equality 

^M|7,(,)=(g)(X^^,7^(,))"-, 

i 

we finally get that T acts on (^M)|Jx(g) lifting the action of J(A) on J x{q)- The second part of the 
claim follows from our description of the action. 
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According to Claim 2, the algebraic group T acts on any cohomology group H^{Jx{q), (^M)|j^(g))- 
Suppose that H^{Jxiq), (^M)|j^(g)) 7^ for some index i. Consider a T- irreducible non-trivial submod- 
ule ^ V C H''{Jx{q), (^M)|j^(q))- Since T is commutative, y is a one-dimensional representation of 
T. Therefore the action of T on V is given by a character x : T — Gm and, since Gm C T acts on 
(^Af)|7x(q) fiberwise in the standard way by multiplication, it follows that X|G„ = id- As a consequence, 
the character x gives a splitting of the exact sequence (|9.ip . from which we deduce that T ^ J{X) x Gm- 
This is indeed equivalent to the fact that {Pm)\j(x) = ^J{x)- 

We conclude now by using the Lemma 15731 Indeed, Ix is the disjoint union of J^, as d varies among 
all multidegrees (see (12.31) '). Therefore, it is enough to show that ('Pj\/)|jd — O^d for each multidegree d. 

Fix such multidegree d and take a line bundle N of multidegree d. The multiplication by induces 

an isomorphism — (g) iV"^ : ^ Ji^)- Using Lemma [8.31 we now get 

(Pm)|j^ = (- ® A^-')*(7'Af)|j| - (- ® N-'n{PM)iJix)) = (- ® Af-^)*(07(x)) - O,^. 

□ 

The previous Proposition implies the following two Corollaries, that generalize [Aril 11 Cor. 2] and 
[Aril 11 Cor. 3] to the case where X is not integral. 

Corollary 9.2. Assume that X satisfies condition (f) from (|6.3p . Let M G Pic-(Ar) — J{X) and let q 
be a general polarization on X. If H'{Jx{q),'PM) 7^ for some i then M^x^m ~ ^^sm- 

Proof. Consider the Abel map : X ^ ^x for some L e Pic{X). Clearly we have that AL{Xsni) Q Jx- 
Using Proposition 19. II and Proposition 18.51 we get 

□ 

For any general polarization q on X, consider the locus 

Af{q) := {M e J{X) : W(Jx{q),PM) ^ for some i} C J{X). 
Notice that, by semicontinuity, J\f{q) is a closed subset of J{X) and that 

AA(q)=supp(i?p2*(^|7,(,))), 
where p2 : J x{q) x J{X) J{X) is the second projection. 

Corollary 9.3. Assume that X satisfies condition (f ) from (j6.3l) and let q be a general polarization on 
X . Then 

dmiN{q)<Pa{X)~g''{X). 

Proof. The normalization morphism v : — )■ X induces by pull-back a smooth and surjective morphism 
1^* : J{X) JiX") with fibers of dimension equal to Pa{X) ~ g^iX). Denote by iV C JiX") the locus 
of line bundles on A"" that are trivial on ^^^{Xsm) ^ X"^ . 
Claim: is a countable set. 

Set F := X" \ ^^^{Xsni). We have an exact sequence 

APic(A'')^Pic(i.-i(As,n)), 
where the last map is the restriction map and a sends {mp}p^p G into Oxi^p^pinp ■ P). The 
claim follows since N is equal to lm(a) n J(X'^). 

The result now follows since Corollary 19.21 implies that v*{M{q)) ^ N . □ 

Proposition 19. II can be strengthened for i = if the curve X has locally planar singularities. 

Proposition 9.4. Assume that X has locally planar singularities and let q be a general polarization on 
X. IfM e Picfi(A) = J(A) IS such that H%lx{q).PM) + 0, then Vng'^q) = Oj^^^y 

Proof. We know that J x{q) is a connected reduced projective scheme over k by Fact 12. Ill Corollarv l2.12l 
and CoroUarv 14.41 As already observed in (j8.7p . we have that Pm^-^i^^-^ G Pic°{Jx{q)). We can apply 
Lemma 1931 below in order to conclude that '^Af|j^(q) — ^Ixiq)- '-' 
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Lemma 9.5. Let V be a connected reduced projective scheme over an algebraically closed field k. Let C 
be a line bundle belonging to Pic°{V), i.e. the connected component o/Pic(V^) containing the identity. If 
H°{V,C) ^ then C ^ Oy . 

Proof. Assume first that V is irreducible. Let s be a non-zero section of C and consider it as a map 
: Ov — > C. Since V is irreducible and s ^ 0, the map s is generically injective. This implies that the 
kernel of s is a torsion sheaf of Oy, hence it is zero since Ov does not contain torsion sheaves. In other 
words, 's realizes Ov as a subsheaf of C. However, since L G Pic°(l^) by assumption, L and Oy are 
algebraically equivalent and therefore they have the same Hilbert polynomial with respect to any ample 
line bundle on V . This can only happen if '§ is an isomorphism, q.e.d. 

Let us now prove the general case. Let Vi, . . . , be the irreducible components of V . Take a non-zero 
section s G H^{V, L) and consider its zero set: 

Z{s) ■.= {PeV: s{P) = 0} C K 

For each irreducible component Vi, consider the restriction Si := S|y. G iJ°(yi, If Si = then 
clearly Vi C Z{s). Otherwise Sj defines a non-zero section of the line bundle C\y. which clearly belongs 
to Pic°(Vi). By what proved above, we must have that = Oy^. Since Vi is projective and reduced, 
then the space i?°(V^i, L|y.) = H°{Vi,Ovi) — k can be identified with the constant functions on Vi. In 
particular, Si is given by a constant non-zero function on Vi and therefore Si is nowhere vanishing on Vi. 
This implies that V n Z{s) = 0. 

Repeating the same argument for each irreducible component 1^ of X, we deduce that either Z{s) is 
empty or it is union of connected components of X, hence it is equal to X since X is assumed to be 
connected. However, s was assumed to be non-zero, hence the second possibility cannot occur. Therefore 
Z{s) — 0, or in other words s is a nowhere section of £, which clearly implies that C = Oy. □ 

10. Proof of Theorem C for nodal curves 

The aim of this section is to prove Theorem C from the introduction for nodal curves. The key fact 
about fine compactified Jacobians of nodal curves that we are going to use is the following result of 
Alexeev-Nakamura |AN99j and Alexeev jAle04] . 

Fact 10.1 (Alexeev-Nakamura, Alexeev). Let X be a nodal curve and let q be a general polarization on 
X. Then we have that 

(10.1) h\jx{q),Oj^^^j)^Pa{X). 

Proof. Every fine compactified Jacobian of a nodal curve X is a stable quasiabelian variety of dimension 
Pa{X) in the sense of |AN99| . as proved by Alexeev in |Ale041 Sec. 5.5]. Therefore, the conclusion now 
follows from [AN99[ Thm. 4.3], which says that for a stable quasiabelian variety of dimension g the 
structure sheaf has the same cohomology groups of the structure sheaf of an abelian variety of dimension 
g. □ 

We will now prove Theorem C from the introduction for fine compactified Jacobians Jx (?) that satisfy 
condition (jlO.ip . and in particular for all fine compactified Jacobians of nodal curves by the above Fact 
110.11 Note that, a posteriori, it will follow from Corollary B that every fine compactified Jacobian Jx{q) 
of any curve X with locally planar singularities satisfies condition (jlO.ip . However, we do not know a 
direct proof of this fact avoiding the use of the Fourier- Mukai transform. 

The special case of Theorem C that we are going to prove will follow from a more general result 
involving the semiuniversal deformation family of X. Let us fix the set-up. Consider the semiuniversal 
deformation family tt : X ^ Spec Rx for X as in W3.'6\ The generalized Jacobian J{X) and the fine 
compactified Jacobian Jx{q) deform over Spec Rx to, respectively, the universal generalized Jacobian 
V : J{X) — >• Spec Rx (see Fact 14. 6p and the universal fine compactified Jacobian u : Jx{q) Spec Rx 
with respect to the polarization q (see Theorem 14. 2p . By using the universal sheaf I on X XspccRx ■^x 
(see Fact I3.6tp ])). it is possible to define a universal Poincare line bundle 'P"" on the fiber product 
Jx{q) XSpccRx similarly to the definition (|8.ip of the Poincare line bundle V on J x{q) x J[X) 

via the determinant of cohomology. Indeed, since the determinant of cohomology commutes with base 
change, it follows that "P"" restricts to V on the central fiber of J x{q) XspccRx J{'^) ^ Spec Rx. 

Assume now that X has locally planar singularities and that Jx{q) satisfies condition (jlO.ip . In 
analogy with the definition (|8.7p of the map (3q , the existence of a universal Poincare line bundle "P"" on 

41 



the fiber product Jx{q) XspccRx Ji'^) defines a homomorphism 

(10.2) /3l^:JiX)^Pic%Jxiq)), 

between two group schemes which are smooth, separated and of finite type over Spec Rx (see Fact 14.61 
and Theorem 15. H|iv|) '). Moreover, by construction, the fibers of J{X) -> Spec Rx and of Pic° {J x {q)) — ^ 
Spec Rx are non empty and geometrically connected. Therefore, using that Spec Rx is smooth over k 
by Theorem 13. 7l|ii| . we get that the schemes J{X) and Pic°{Jx{q)) are smooth over k and connected, 
hence irreducible. Since 7^"" restricts to V on the central fiber of Jx{q) XspccRx Ji-^) ~^ Spec Rx, the 
homomorphism /3"" restricts to the homomorphism fig : J{X) — > Pic° (Jx{q)) on the central fiber. 
The main result of this Section is the following 

Theorem 10.2. Let X be a reduced curve with locally planar singularities and let Jx{q) be a fine 
compactified Jacobian of X having the property that /i^(Jx('?), C'7^(g)) —Pa{X). Then the group homo- 
morphism 

(31^: J {X)^Pic° (J xig)) 

is an isomorphism. 

Proof. Consider the open subset U C Spec Rx consisting of all the points s such that the fiber Xg of the 
universal family tt : X Spec Rx over s is smooth or has a unique singular point which is a node. By 
Lemma 13.51 the complement of U inside Spec Rx has codimension at least two. 
CLAIM 1: The restriction of /3™ to U 

{f3piu : J{X)iu ^Pic''(Jx{q))\u 

is an isomorphism. In particular, /3™ is an isomorphism in codimension one. 

Indeed, since the map Pic°{Jx{q))\u U is fiat, using |EGAIV4l (17.9.5)] it is enough to prove that 
the restriction of /3™ to the fibers over s 

(10.3) {p^s : J{X)s = J{X,) ^ Pic°{lx{q))s - PK^gxM)) 

is an isomorphism for every s £ U . By the definition of U , the fiber X^ can be of three types: 

(i) Xg is smooth; 

(ii) Xg is an irreducible curve having a unique singular point which is a node; 

(iii) Xg has two smooth irreducible components X} and Xg which meet in a separating node. 

In case Q, the morphism (/3™)s is well-known to be an isomorphism (see e.g. |GIT94[ Prop. 6.9]). 
In case ((n]), the fact that the morphism (/3q")s is an isomorphism is a particular case of the main 
result of Esteves-Gagne-Kleiman in [EGKOO] . who proved that the same conclusion is true for any 
integral curve with double points singularities. Finally, in case (plil) . using Proposition 16.61 we get that 
JxAl'^) — Jxlil^) X Jx^il^) for some general polarizations q^ on X^ (for i = 1,2). The diagram (j8.30p 
in Section [5] translates into the following commutative diagram 



(10.4) Pic°(J;,l(gl)) xPic°(J;,.(f)) 

J{Xl) X J{X^) Pic°(JA'i {q') X Ixi ii)) 
J{Xs) Pic°( J^. (f )) 



The maps /3gi and /3g2 are isomorphism since X^ and Xg are smooth curves (as in case hence the 
fact that 13 qs is an isomorphism follows from the previous diagram together with the Lemma 110.31 below. 

CLAIM 2: /?^" is an open embedding. 

Indeed, since P™^ is a birational map between two integral schemes which is an isomorphism in 
codimension one (by Claim 1) and the codomain is normal and locally factorial (being smooth), we 
deduce that is a local isomorphism by Van der Waerden's theorem on the purity of the ramification 
locus (see [EGAIV4i (21.12.12)]). In particular, /3™ is quasi-finite. Moreover, since /3™ is birational (by 
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Claim 1) and separated (which fohows from the fact that J{X) Spec Rx is separated, see |Har77[ 
Cor. 4.6(e)]) and the codomain is normal (being smooth), we deduce that is an open embedding by 
Zariski's main theorem (see [EGAIIIll (4.4.9)]). 

We can now easily conclude the proof of the Theorem. Indeed, for any s e Spec Rx, the restriction 
(/?™)s of (|10.3p is a group homomorphism between two connected and smooth algebraic groups over 
k{s) of the same dimension, pa{X), which is moreover an open embedding by Claim 2. This forces 
(/3^")s to be surjective (see e.g. [BLRQOi Sec. 7.3, Lemma 1]), hence an isomorphism. Since the map 

Pic°(JA'(£)) SpecRx is flat, using again |EGAIV41 (17.9.5)], it follows that /3™ is an isomorphism, 
q.e.d. 

□ 

Lemma 10.3. Let Vi and V2 be two schemes proper over a field k. Assume that Pic°(V^i) and Pic°(V2) 
are smooth. Then the natural pull-back map 

M : Pic°(Fi) X Pic''(t/2) — > Pic°(Fi XV2), 

{L,M)^p\{L)®pI{M), 

where pi is the projection onto Vi (for i — 1,2), is an isomorphism. 

Proof. Clearly, the map Kl is an injective group homomorphism. Since Pic°(Pi) is smooth, then its 
dimension is equal to h\V, Oy,) by [FGAOSl Cor. 9.5.13]. Since dimPic°(t/i x V2) < h^{Vi x V2, Oy^xv^) 
by loc. cit. and M is injective, we get that 

h\Vi,Ov^) + h\V2, OyJ = dimPic''(yi) + dimPic°(y2) < Pic°(T/i x V2) < 

< h\Vi X V2,Ov,>cv,) ^ h\VuOv,) + h'{V2,Ov,). 
This implies that Pic°(Vi x V2) is smooth of the same dimension as Pic°(Vi) x Pic°(V2) by loc. cit. Since 
Pic°(yi X V2) is connected, this easily implies that M is surjective (see e.g. [BLR90t Sec. 7.3, Lemma 1]; 
hence M is an isomorphism, q.e.d. □ 

Corollary 10.4. Let X be a reduced curve with locally planar singularities and let Jx{q) be a fine 
compactified Jacobian of X having the property that h^{J x{q), ^~x{q)^ ^ Pa{X). Then the group homo- 
morphism 

P^:JiX)^Pic°(Jxiq)) 

is an isomorphism. 

Proof. This follows directly from Theorem 110.21 bv restricting to the central fiber. □ 
11. Proof of Theorem A, Corollary B and Theorem C 

The aim of this section is to prove the first three results that were stated in the introduction, namely 
Theorem A, Corollary B and Theorem C. 

A key role will be played by the semiuniversal deformation family ir : X —i' Spec Rx for X as in 
More precisely, we will be looking at the following Cartesian diagram 

(11-1) Jx{q)xspccR^J{X) 

JiX) □ Jx{q) 




Spec Rx 

where v : J{X) -> Spec Rx is the universal generalized Jacobian (see Fact 14. 6|) . u : J x{q) Spec Rx is 
the universal fine compactified Jacobian with respect to the polarization q (see Theorem 14.21) , C, is the 

zero section of v and C id x C,. As observed already in Section [TUl there exists a universal Poincare 
line bundle 'P"" on the fiber product Jx{q) XSpccRx >^('^) which restricts to V on the central fiber 
lx{q) X J{X). 

Assuming that X has locally planar singularities and setting g := pa{X), the morphisms appearing in 
the above diagram satisfy the following properties: the morphism v (hence also v) is smooth of relative 
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dimension g (see Fact l3.6t |i])): the morphism u (and hence also u) is projective, flat of relative dimension 
g with trivial relative dualizing sheaf and geometrically connected fibers (see Theorem l4.31 Corollarv l4.4l 
and Corollarv l4.5l) . Moreover all the schemes appearing in diagram (jll.ip are smooth over k = k: SpccRx 
is smooth by Theorem 13. 7t| Ii)): Jx{q) is smooth by Theorem 14.31 J{X) (resp. Jx{q) xgpocRx J{X)) is 
smooth because the morphism v (resp. v) is smooth over a smooth codomain. 

The following result is a generalization of a well-known result of Mumford for abelian varieties (see 
|Mum70[ Sec. III. 13]) and it is the key for the proof of our main theorems. 

Theorem 11.1. Let X be a reduced curve with locally planar singularities of arithmetic genus g := Pa{X) 
and let q be a general polarization. There is a natural isomorphism of complexes of coherent sheaves on 
J{X): ~ 

(11.2) $ : RM'Pn ^ C*(OspocRx)[-5]- 
In particular, we get that 

(11.3) Rp2,V ^kiO)[-g] 

where k(0) denotes the skyscraper sheaf supported at the origin — [Ox] S Ji^)j <^^d P2 ■ Jx{<l) x 
J{X) J{X) is the projection onto the second factor. 

Proof. Clearly, the last assertion follows from the first one by base change to the central fiber of v : 
J{X) ^ Spec Rx; hence it is enough to prove (|11.2p . 

We will first explain how the morphism $ is defined. By applying base change (see e. g. |Huy06[ 
Rmk. 3.33]) to the diagram (jll.ip . we get a morphism 

(11.4) C*(-RS,(P™)) ^ i?u,(C*(7'™)). 

It follows from Proposition 18.11 that C*('P"") = ^Jx(q)' ^i^*^^ the complex of sheaves i?M*(Cj^(^)) is 
concentrated in cohomological degrees from to we get a morphism of complexes of sheaves 

(11.5) Ru,{C{Vn) = i?"*(07,(,)) ^ i?^w*(07, (,))[-<?]. 

Moreover, since the morphism u is proper of relative dimension g, with trivial relative dualizing sheaf 
and geometrically connected fibers, then the relative duality applied to u gives that (see |Har77l Cor. 
ll-2(g)]) : 

(11-6) i?«^.,(07^(^))-0spccRx- 

By composing the morphisms (|11.4p . (jll.Sp and using the isomorphism (|11.6p . we get a morphism 

(11.7) C(i?"*(^""))-^OspccRxh5]- 

Since C* is right adjoint to C*, the morphism (jll.7p gives rise to the morphism 

The remaining part of the proof will be devoted to showing that the morphism $ is an isomorphism 

of complexes of sheaves. We need three preliminary results that we collect under the name of Claims. 

The first result says that $ is generically an isomorphism. More precisely, let (Spec Rx)sm be the open 

subset of Spec Rx consisting of the points s £ Spec Rx such that Xs is smooth. Then we have: 
CLAIM 1: The morphism $ is an isomorphism over the open subset ti^^((Spec Rx)sm)- 
Indeed, ti^^((SpecRx)sin) is an abelian group scheme over (SpecRx)sm via the map v. Claim 1 follows 

then from a well-known theorem of Mumford (see |Mum701 Sec. III. 13]). 

CLAIM 2: RBu^T""') = i?u,(7'"")[g] is a Cohen-Macaulay sheaf of codimension g. 
Let us first prove that 

(11.8) codim(supp(i?u*7'"")) = g. 

First of all. Claim 1 gives that codim(supp(i?u*'P"")) < g. In order to prove the reverse inequality, we 
stratify the scheme Spec Rx into locally closed subsets according to the geometric genus of the fibers of 
the universal family X — ^ Spec Rx: 

(Spec Rx)s'^='^ :- {s e Spec Rx : g^iX,) = k}, 

for any g'^{X) < k < PaiX) — g. CoroUarv 13.41 gives that codim(Spec Rx)^ > g ^ k- On the other 
hand, on the fibers of v over (SpecRx)^ the sheaf Ru^,P^^^ has support of codimension at least k by 
CoroUarv 19. 31 Therefore, we get 

(11.9) codim(supp(i?u*7'™) n v-\(Spec Rx)^"^'')) > g for any g''(X) < k < g. 



Since the locally closed subsets (Spec Rx)^ form a stratification of Spec Rx, we deduce that g < 
codim(supp(i?M*'P™)), which concludes the proof of (|11.8p . 

We now apply the relative duality (see e.g. jHar77[ Chap. VII. 3]) to the proper morphism u. Since u 
is flat of relative dimension g and it has trivial relative dualizing sheaf, we get that 

(11.10) RUom{Ru^ {^"'r^Oj^x)) = 

where {V'"')-^ is the inverse of 7^"", i.e. {T""^)-^ := HomiV"^, Cj_^,(q)xsp„c r Jix))- The right hand side 
of (|11.10p can be computed using the following spectral sequence (see |Huy06[ Chap. 3, Formula (3.2)]): 

where clearly -Ef'' = unless < —q < g and p > 0. If we denote by i the involution of the group 
scheme v : J{X) — > Spec Rx that sends M. € J{X) into M^^ G J{X), then Proposition 18.11 gives that 
(-pun)-i ^ X i)*(7'™); hence 

(11.12) Ru, (p"")-i = r(i?u,P™). 

In particular, the complex ('P"")^! has codimension g by (|11.8p . This implies that for any < —q < 
g, the sheaf i?~'??I*(P"")^^ has codimension at least g; hence, since the dualizing sheaf of J{X) is trivial, 
we get that (see |HL971 Prop. 1.1.6]): 

(11.13) E^^'' = f a;tP(i?"«UH.(P™)-\ ©./(A-)) = for every p<g and every q. 

Using the spectral sequence (111. lip and the vanishing (|11.13p . it is easily seen that the complex in the 
right hand side of (|11.10p can have non-vanishing cohomology only in non-negative degrees. On the 
other hand, since u has fibers of dimension g, the complex in the left hand side of (|11.10p can have 
non- vanishing cohomology only in degrees belonging to the interval [—(7,0]. We deduce that i?u,(7'"") 
is supported in degree g, i.e. that 

(11.14) i?u,(P"") ^ R3u,{V'"')[~g]. 

Similarly, also the complex i?u*(7'"")~^ is supported in cohomological degree g by (|11.12p . Hence the 
spectral sequence (|ll.lll) together with the isomorphism (|11.10p give that 

(11.15) £xt'\RSM'Pn-\Oj^x)) = { ' ./ , 

This implies that (7-""")^^ is Cohen-Macaulay of codimension g by |BH98[ Cor. 3.5.11]. Using 
pi.l2p . we get that also i?^u,(7'"") is Cohen-Macaulay of codimension g, and the proof of Claim 2 is 
now complete. 

CLAIM 3: We have a set-theoretic equality supp(i?Su,(7'"")) Im(C). 

Observe that the restriction of supp(i?^u*('P"")) to the fiber w^^(s) = J{Xs) over the point s G SpecRx 
is equal to the locus of all elements M G J{Xs) such that [J x,{q'')^'Pl^) ^ 0, where we have set 
■= (''^"")|Ja- (9=)x{a/}- Since J xAl'^) has trivial duafizing sheaf by Corollary 14. 5[ Serre's duality 
gives that 

H^ixAg%ni) = H\ixAg% {ni)-'r = H^iixM^mi-^r- 

Applying now Proposition 19.41 we get the set-theoretic equality 

(11.16) supp(i?9u,(7'™)) n JiXs) = {M G JiXs) : V^j-i = Oj^j^.^} for every s G Spec Rx. 
If moreover the curve Xs is nodal then, combining (|11.16l) with Corollary 110.41 and Fact 110.11 we get 

(11.17) supp(i?^'5I*(7'"")) n J{X,) = {Ox J for every s G Spec Rx such that is nodal. 

The above formula (|11.17p allows us to improve the estimate (|11.9I) on the codimension of the intersection 
of supp(i?^M*(7^"")) with the locally closed subset ((SpecRx)^ ^^))- Indeed, by looking at the proof 
of pi.9p . we see that can have an equality in (I11.9P for some g'^(X) < k < g only if: 

• w maps supp(i?^M*('P"")) to a generic point 77 of (SpecRx)^ of codimension g — fc in SpecRx, 

• the codimension of supp(i?^u*('P"")) n v~^{r]) in J(A'^) is equal to k. 

However, since a generic point 77 of the stratum (Spec Rx)^ of Spec Rx is such that Xjj is nodal by 
Fact |3i3l|ni) , formula (|11.17p tells us that equality in (jll.9p is only possible for k = g; in other words we 
have that 

(11.18) codim(supp(i?u*7'™) nw"i((SpecRx)s''='')) > g + 1 for any g'^(X) < k < g. 
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After these preliminaries, we can now finish the proof of Claim 3. Since R^u^,{V^^) is a Cohen-Macaulay 
sheaf of codimension g, then all the irreducible components of supp(i?^'u*(P™)) have codimension 
g by jMat89[ Thm. 6.5(iii), Thm. 17.3(i)]. Clearly Im(C) is one of the irreducible components of 
supp(i?^M*('P"")). If Z is another irreducible component of supp(i?fil*(7'"")) then, using (jll.lSp and 
the fact that Z has codimension 17, we get that v{Z) must contain the generic point 77 of SpccRx- Then 
Claim 1 implies that necessarily we must have Z = Im((^), q.e.d. 

CLAIM 4: We have a scheme-theoretic equality supp(i?^u*('P"")) = Im((^). 

Since the subscheme Im((^) is reduced. Claim 3 gives the inclusion of subschemes Im(<;^) C supp(RSu* (P"")). 
Moreover, Claim 1 says that this inclusion is generically an equality; in particular supp(i?^u*('P"")) is 
generically reduced. Moreover, since R^u^,{V^^) is a Cohen-Macaulay sheaf by Claim 2, Lemma [11.21 
below implies that supp(i?^u*('P"")) is reduced. Therefore, we must have the equality of subschemes 
supp(i?9u*(7'™)) = Im(C). 

We can now finish the proof of the fact that <i> is an isomorphism. According to Claim 4, we get that 
<i> is an isomorphism if and only if its shifted pullback ^*<i>[(7] is an isomorphism. By definition of $ and 
using Claim 2, the shifted pull-back 

(11.19) cm ■■ CR'MVn ^ CC*(OspocRx) = OspocRx 

coincides, up to the shift, with the morphism (jll.7p . By tracing back the definition of the morphism 
(|11.7p . we get that C**i'[5] is the composition of the top degree base change morphism 

(11.20) cR'MT^n ^ i?''u*(r(^"")) = R'u^Oj^^^^) 

with the isomorphism (lll.6p . However, since u has fibers of dimension g, the top degree base change 
(|11.20p is an isomorphism, hence we are done. 

□ 

Lemma 11.2. Let Y be a Noetherian scheme and T a coherent sheaf on Y . Assume that T is Cohen- 
Macaulay and that the scheme-theoretic support supp(J^) of J- is generically reduced. Then supp(J^) is 
reduced. 

Proof. The statement is clearly local; hence we may assume that Y ~ Spec R with R a Noetherian ring 
and that T is equal to the sheafification of a finitely generated module M over R. Therefore, supp(J-') 
is the closed subscheme V{ami{M)) of Spec R defined by the annihilator ideal ann(M) of M. Consider 
the set Ass(M) := {Pi,.-. ,Pr} of associated primes of M. Since M is a Cohen-Macaulay module, 
all its associated primes are minimal by 'Mat89', Thm. 17.3(i)]; therefore {Pi, . . . ,Pr} are exactly the 
associated minimal primes of P/ann(Af) by [ Mat89l Thm. 6.5(iii)]. 

Consider now a finite set of generators {mi, ■ ■ ■ ,ms} of the P-modulc M. Clearly, we have that 

s 

(11.21) ann(M) = f] ann(mi), 

1=1 

where ann(mi) is the annihilator ideal of the element nii ^ M. 

Since we have an inclusion R/armimi) ^ M of P-modules obtained by sending the class of 1 to m^, 
the set of associated primes of P/ann(mi) is a subset of Ass(M); say Ass(i?/ann(TOi)) = {Pj : j S 
Ai} for some Ai C {1,... ,r}. In particular, P/ann(mi) does not have embedded primes. Moreover, 
since V{a.nii{mi)) C y(ann(M)) and V{ann{M)) is generically reduced along the subvarieties V{Pi) 
by hypothesis, it follows that F(ann(77ii)) is also generically reduced. This implies that T^(ann(mi)) is 
reduced, or in other words that 

(11.22) ann(m,) = Q Pj. 

Combining (|11.2ip and (|11.22p . together with the fact that {Pi, . . • ,Pr} Q Ass(P/ann(M)), we get that 

r 

(11.23) ann(M) = P|Pi, 

i=l 

which shows that V{ann{M)) is a reduced subscheme of Spec R. □ 

The formula pi.3p established in Theorem 111.11 allows us to prove Theorem A from the introduction 
using a criterion of fully faithfulness for integral functors established by A. C. Lopez Martin in Appendix 
B. 
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Proof of Theorem A. Let 

be the Fourier- Mukai functor (or integral functor) with kernel the Poincare line bundle V on Jx{q) x 
J{X). In order to show that is fully faithfull, we will use Theorem ll4.6l from Appendix B. Observe that 
J{X) is smooth and connected (see ijl.9l) and that Jx{q) is connected by Corollary 14.41 and Gorenstein 
by Corollary I2.12tlil) . Let us check that the three assumptions of Theorem 114.61 are satisfied. 
Observe first that, from the definition of it follows that 

(11.24) $P(k(M)) = Rp,4p*{k{M))^V) = Rpi47'|j^(^),^^,j) = Vm, 

where k(A/) denotes the structure sheaf of the point M G J(X). 

Using (ITT3)) . (|11.24p and Proposition [O we get for any M ^ M' e J{X) and any i that: 

(11.25) Hom^,(^^(^)^($^(k(Af)),<i>^(k(M'))) =Ext^^(^)(n/,^M') = H\Jx{q),VM'^M-^) = 0, 

which shows that condition (1) of Theorem ll4.6l is satisfied. 

Similarly, using moreover that Jx{q) is reduced by Corollarv l2.12[ we have, for any Af G J{X), that: 

(11.26) Hom^,(^^(^))($^(k(M)),$^(k(Af))) = Hom^^ (T'm , ) = " (Jx (g) , Oj^ ) = k, 

which shows that condition (2) of Theorem ll4.6l is satisfied. 

In order to show condition (3) of Theorem ll4.6[ we will prove that 

("■^^) (<;;:-:iS'"""°*j<xwx,«)«o))=Mo,, 

where g := Pa{X) is the dimension of J x{q) (see Corollary 12 . 1 2tliil) ) and ~ [Ox] is the origin of J{X). 
From (|11.24p and Proposition 18. 11 we get that 

(11-28) *!(x)^7.(,)(k(0))=O7,(,)). 

Observe now that — ^jx(g) Corollary 14. 51 Moreover, if we denote by i the involution of J{X) 

that sends M into M~^, then Proposition 18.11 implies that V^^ — (id x i)*{V). Using these two facts 
and formula (|11.3p . we now compute 

(11.29) ^j'2)^%X~^^'\o^,^^) = Rp2*((id X \nVM) = i*(Rp2.(7'))[g] = i*(k(0)[-g])[g] = k(0). 

Combining (|11.28l) and (jll.29p . equality (111.27^ follows and therefore condition (3) of Theorem 114.61 
holds true. 

Therefore, the three conditions of Theorem 114.61 of Appendix B are satisfied and Theorem A follows. 

□ 

Corollary B follows now quite easily from Theorem 111.11 and Theorem A. 

Proof of Corollary B. Let M G J{X). 

If M ^ [Ox] then the vanishing of H'(Jxiq),'PM) for any i follows by pT3|) . 

If M — [Ox] = is the identity element of J(X) then Pm ~ ^lx(q) Proposition 18.11 Using 
formula (|11.24p and the fully faithfulness of the Fourier-Mukai transform $ (see Theorem A) , we get 
i?XJx(g),07^(,)) = ExtL^(^,(07^,(^),0^^(^)) = ExtL^(^^(J-p(k(0)), J-p(k(0))) = Ext:,(;,)(k(0), k(0)), 

where k(0) is the skyscraper sheaf supported at = [Ox] G J{X). 

Now we conclude using the well-known facts that Extj(x-)(k(0), k(0)) = A'Extj^jf-) (k(0), k(0)) (see 
e.g. the proof of jMum701 Cor. 2, p. 129]) and that Extj(x)(''(0)7 k(0)) is canonically isomorphic to the 
tangent space of J{X) at k(0), which is isomorphic to H^{X, Ox) (see e.g. |BLR90[ Sec. 8.4]). □ 

We can now prove that autoduality holds for fine compactified Jacobians. 

Proof of Theorem C. Theorem C follows from Corollary |10.4[ whose hypothesis is satisfied by Corollary 
B. 

□ 
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12. Proof of Theorem D 



The aim of this section is to prove Theorem D from the introduction. We wiU fist prove the result for 
fine compactified Jacobians that admit an Abel map, in the sense of Definition 16.81 

Theorem 12.1. Let X be a reduced curve with locally planar singularities and let q be a general polar- 
ization on X such that the associated fine compactified Jacobian Jx{q) admits an Abel map, i.e. there 
exists L e Pic'-'^^(X) such that ImAL C Jx(q). Then we have that 

Pic°(J^(g))=Pic-(Jx(9)). 

Proof. Arguing as in the proof of Theorem l4.21 we can find a line bundle C on the effective semiuniversal 
deformation tt : X SpecRx of X such that C restricted to the central fiber of tt is equal to L. A slight 
extension of the arguments used in i i6.ll and in H6.2\ allows us to define a global Abel map Ac : A" — JJ;^^ 
over Spec Rx whose restriction to the fiber over s G Spec Rx is the Abel map Ac^ ■ Xg I^^ associated 
to Cs ■= ^\Xs- In particular, the restriction of Ac to the closed point [mx] G SpecRx is equal to the 
Abel map Al. Since Al takes values in Jx{q) by hypothesis, it is easily checked that Ac takes values 
in Jxiq), or in other words we get a global Abel map 

(12.1) Ac-.X^Jxig). 

The pull-back morphism : Pic{Jx{q)) Pic{X) = Jx between the two relative Picard schemes 
(whose existence is guaranteed by Fact l3.6tp 1) and Theorem 15. Hp ])) will clearly sends Pic°( J;t'('7)), which 
exists by Theorem I5.1ljivl) and Corollary B, into the universal generalized Jacobian J{X) = Pic°{X) 
of X, which exists by Fact 14.61 Moreover, the proof of Proposition 18.51 easily extends to the global 
case and gives that the induced homomorphism A*^° : Pic°(Jx{q)) J{X) is a right inverse of the 
homomorphism /3™ : J{X) — Pic°{Jx{q)) defined in (110.21) . Since /3™ is an isomorphism by Theorem 
110.21 and Corollary B, we get that A*^ : Pic°{Jx{q)) — > J{X) is an isomorphism of group schemes over 
Spec Rx- 

The pull-back morphism "^iU £ilso sends Pic'^ {Jx(q)), which exists by Theorem l5.HpI| . into the 
generalized Jacobian J{X) of X since it is well-known that for the family of curves tt : ^ — > Spec Rx we 
have that Pic^(A') = Pic°(A') = J{X) (see e.g. |FGA05[ Chap. 9.6, Ex. 9.6.21]). Therefore, we get that 
the induced homomorphism A*^'^ : Pic^ (J x{q)) — > J{X) is a surjective homomorphism of SpecRx-group 
schemes. 

Summing up this discussion, we get the following diagram of homomorphisms of group schemes over 
Spec Rx: 

(12.2) Pic'iJxig)) 




J{X) = Pic^(A:') = Pic°{X) 




Pic°{Jx{q)) 

where i is an open embedding between two smooth group schemes over Spec Rx (as it follows from 
Theorem 15. II and Corollary B). 

Consider now the open subset U C Spec Rx (introduced in Lemma 13. 5p consisting of all the points 
s such that the fiber Xg of the universal family tt : A" — > Spec Rx over s is smooth or it has a unique 
singular point which is a node. By Lemma 13.51 the complement of U inside Spec Rx has codimension at 
least two. 

CLAIM 1: The restriction of A*/ to U 

{AY)\u ■.Pic^{'Jx{q))\u ^ J{X)\u 

is an isomorphism. In particular, A*^^ is an isomorphism in codimension one. 

Indeed, using the above diagram (jl2.2p . it is enough to prove that the open embedding i is an 
isomorphism over U or, in other words, that: 

(12.3) Pic°(7Ar, {q')) = Pic^(J;f, {q')) for any s G [/. 
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By the definition of J7, the fiber over a point s € U can be of three types: 

(i) Xs is smooth; 

(ii) Xs has two smooth irreducible components X^ and X^ which meet in a separating node. 

(iii) Xs is an irreducible curve having a unique singular point which is a node; 

In case (0), Jx^ (g*) is an abelian variety and the equality (|12.3p is proved for abelian varieties by Mumford 
in |Mum70[ Cor. 2, p. 178]. Also in case (jn]), J^-, (9") is an abelian variety by Proposition 16.61 and the 
result follows again from the above mentioned result of Mumford. In case (Imj) . the equality (jl2.3l) is due 
to Esteve-Gagne-Kleiman |EGKQO| . where the same result is proved for integral curves with at worst 
double points. 

CLAIM 2: A*^^ is an isomorphism. 

Indeed, since A*^^ is a birational map between two integral schemes which is an isomorphism in 
codimension one (by Claim 1) and the codomain is normal and locally factorial (being smooth by Theorem 
I3.7tlii)) and Fact 14.61) . we deduce that A*£'^ is a local isomorphism by Van der Waerden's theorem on the 
purity of the ramification locus (see |EGAIV4l (21.12.12)]). In particular, A*£'^ is quasi-finite. Moreover, 
since A*£'^ is birational (by Claim 1) and separated (which follows from the fact that Pic'^{Jx{q}) — > 
Spec Rx is separated by Theorem I5.1tlii|) . see |Har77l Cor. 4.6(e)]) and the codomain is normal (being 
smooth), we deduce that A^'^ is an open embedding by Zariski's main theorem (see [EGAIIIfl (4.4.9)]). 
Since we know that A*£'^ is surjective, we deduce that A*£'^ is an isomorphism, q.e.d. 

From diagram (jl2.2p and Claim 2, we deduce that the open embedding i must be an equality. By 
considering the central fiber of i, the theorem now follows. 

□ 

We can now prove the general case of Theorem D. 

Proof of Theorem D. Consider an arbitrary fine compactified Jacobian Jxi<l) of the curve X. Since 
Pic°{Jx{q)) is an open subscheme oiPic^{Jx{q)) and they are both defined over an algebraically closed 
field fc, in order to prove that they are equal, it is sufficient (and necessary) to prove that they have the 
same /c-points, i.e. that 

(12.4) Pic°(7x(g))(fc) = Pic^Jx{q)m. 

Consider now the schemes Pic° {J x (q)) and Pic^ {J x (q)) , which are smooth over Spec Rx by Theorem 
15.11 and Corollary B. Since S := Spec Rx is henselian (because Rx is a complete ring), the canonical 
reduction maps Pic°(Jxiq)){S) -J- Pic°(Jx(9))(fc) and Pic''(Jx{q})iS) Pic^(Jx(g))(fc) from the set 
of 5- valued points to the set of fc-valued points are surjective by [BLR901 Sec. 3.2, Prop. 5]. Therefore, 
in order to show the equality (|12.4I) , it is enough to show that 

(12.5) Pic°iJx{q)){S) = Pic^JxigmS). 
Observe that we have the following natural inclusions 

(12.6) Pic" (J x{q)){S) C Pic^ (J x{q)){S) C Pic(Jx{q)){S). 

Moreover, since PicS* = Pic(Spec Rx) = because Rx is a power series ring and the morphism u : 
Jx{q) — >■ 'S' admits a section passing through its smooth locus (see Theorem l4.3p Jx{q) — >■ S' by [BLRQOl 
Sec. 2.2, Prop. 4], we have a natural identification (see |BLR90[ Sec. 8.1, Prop. 4]) 

(12.7) VicQxm ^ PK{7Jx{q)){S), 

where, as usual fsee ll.8p . we denote by Pic{Jx{q)) the group of line bundles on Jx{q)- 

Consider now the open subscheme Jx{q)\u •= u^^{U) C Jxiq), where U is the open subset of SpecRx 
consisting of those points s £ Spec Rx such that Xs has at most a unique singular point which is a node 
(as in Lemma l3.5p . The complement of Jxiq)\u inside Jx{q) has codimension at least two by Lemma 
13.51 Since Jx{q) is a smooth, irreducible and separated scheme by Theorem 14.31 we can apply |Har77[ 
Prop. 6.5, Cor. 6.16] in order to conclude that the natural restriction map induces an isomorphism 

(12.8) Vicgxiq)) ^ Vicgx{q)\u)- 

By combining (|12.7p and (|12.8p . we get that the following natural restriction map of sections is an 
isomorphism 

(12.9) res : PicQ x{q)){S) ^ P icQ x{q)){U) = P\c{7j x{q)\u){U). 
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It is clear that res{Pic°{Jx{q)){S)) C Pic° {J x{q)\u)(U) and similarly that res(Pic^(JA'(g))(S')) C 
Pic^Jx(q)iu){U). 

Consider any general polarization q' on X such that the associated fine compactified Jacobian J x{q') 
admits an Abel map in the sense of Definition Note that there are plenty of such general polarizations 
due to Corollary I6.9tpll) . Then the inclusions (|12.6|) and the isomorphism (|12.9p hold true also for the 
polarization q' . Moreover, Theorem ll2.1l fsee also its proof) implies that 

(12.10) Vic°{Jx{i)) = Vie{JxW)). 
Lemma [12.21 below implies that J x{q)\u — Jx{q')\u\ we can therefore set 

(12.11) lu ■■^TJx{q)\u=^x{i)\u■ 
Gomhm\l\g (112. 6p and (112.91) (and their analogues for q') together with (|12.10p and (|12.1ip . wc get 

the following commutative diagram of (abstract) abelian groups 

(12.12) Pic°(J;,(g))(5)C Vic^gx{q)){S)^ 



■Pic{Jx{q)){S) 



Pic°{Ju)iU) 



Pic(Jc/)(C/) 



Pic-(J;,(g'))(^)^ 



■Fic{Jxiq'))iS) 



Pic^iJxWm) 

CLAIM: For any section a e Pic( JA'(g))(S'), if we set cr' := (res')"^(res((T)) e Pic(Jxiq'))iS), then 
we have that 

(12.13) a E Pic°(Jxiq))iS) ^a' e Pic°(J;,(g'))(^). 

Let us prove the implication (the other being analogous). We apply Lemma fl 2 . 31 below to the group 
scheme morphism tt : Pic°{J x{q)) — ^ S (which is smooth by Theorem IS.ltHv)) and has geometrically 
connected fibers by construction), endowed with the sections ti :— a and T2 0, where is the zero 
section of tt. Notice that the sections ri and T2 are contained in an affine open subset of P\c°{J x [q]) since 
the central fiber Pic°{J x{q)) of tt is a /c-group scheme, hence quasi-projective (see e.g. |BLR90I Sec. 6.4, 
Thm. 1]). From Lemma [12.31 together with the fact that every section of ttv '■ S{B) xg P\c°{J x{q)) — >■ 
S{B) (for any affine A:-variety V — Spec B) is represented by a (possibly non unique) line bundle on 
S{B) Xs Jx{q) by [BLR90[ Sec. 8.1, Prop. 4] (using that tt has a section, as observed before), we get the 
existence of two line bundles Li and L2 on S{k[t\) J x{q) and of a line bundle Lz on S{R) X5 J x{q) 
such that 

(1) L = -t'l|/-/(l)xsJ;.(g)' 

^l|4V(0)xs7;v(«) = 
(3) ^Z\f-\q2)-<s'Jx{q) 



(4) ^2|/-1(1)xsJa-(«) - ^J;.(£)' 



^2\f-,\0)XsJ:^iq)^ 



where L is the line bundle on Jx{q) corresponding to the section a under the bijection (112. 7p . 

Since iS'(fc[t]) and S(R) are smooth and J x{q) and J x{q') are isomorphic in codimension 1 by Lemma 
112.21 arguing as before we get two line bundles L'^ and L'2 on S'(fc[i]) X5 J x{q') and a line bundle on 
S{R) xsJxW) such that 

^^'^ ^' = ^'l\f-,\l)XsJ.iq_'r 

'''^'^ ^'l|4:i'(0)xsJ;t(«') " ^'z\f-Hqi)xsl;,iq'r 
^'z\f-\q2)Xslxiq') " ^2|/-^0)XsJ;v(2')' 

where L' is the line bundle on J x{q') corresponding to the section a' under the analogous of the bijection 
(112. 7p for Jx{q)- Restricting the four isomorphisms (l')-(4') to the fiber JxAq'^) of " • Jx{q') — > 
Spec Rx over the point s S SpecRx, we deduce that L|— is algebraically equivalent to the trivial 
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line bundle Oj^ (because and Z arc connected varieties). This is equivalent to the fact that 

(t'(s) G Pic°{Jx{q'^j) for every s € SpecRx, or in other words that a' E Pic°{Jx{q'j), which concludes 
the proof of the Claim. 

Let us now conclude the proof of Theorem D. From |Kle71[ Thm. 5.1], it follows that there exists a 
number N such that any section a G Pic' (J x{q)){S) is such that cr^ G Pic° {J x{q)){S) and similarly 
for the sections in Pic''{Jx{q')){S). Therefore, from the commutative diagram (|12.12p and (|12.13p . we 
deduce that for a section a G Pic{Jx{q)){S), if we set a' := (res')~^(res(cr)) G Pic{Jx{q')){S) as before, 
then we have that 

(12.14) a G Pic^ (J x{q))(S) ^a'e Pic^(J;t(g'))(^)- 

An easy chasing in diagram (112. 12p together with (|12.13p and (112. 14p shows that the required equality 
(|12.5p does hold true and this concludes the proof of Theorem D. 

□ 

The following result, which was used in the above proof, allows to compare two different universal fine 
compactified Jacobians of X over the open subset U C Spec Rx considered in Lemma 13.51 

Lemma 12.2. Let q and q' be two general polarizations on a curve X with locally planar singularities. 
Let U he the open subset of Spec Rx consisting of those points s G Spec Rx such that Xs has at most a 
unique singular point which is a node (as in Lemma \3. 5\) . Consider the induced universal fine compactified 
Jacobians u : Jx{q) SpecRx and u' : Jxiq') — > SpecRx (as in Theorem \4-^ , and set Jx{q)\u '■— 
u~^[U) and J x{q')\u ■= (^')~^(f^)- Then there exists a line bundle C on X such that the multiplication 
by C induces an isomorphism of schemes over U: 

-® C: Jx{q)\u ^ Jxi(/)\u- 

Proof. Let Yi,. . . ,Yr be the separating blocks of X as in iJ6.2l By Proposition 16. 6tpTi|) . we can assume 
without loss of generality that q and q' are induced by general polarizations q^ and on Yi for i — 1, . . . , r. 
This implies that the multidegree d'.^q' — q on X is such that dy. G Z for every i — 1, . . . , r. Take now 
a line bundle Li G Pic-'^^ (Yi) for every i = 1, . . . , r and consider the unique line bundle L on X such that 
L\Yi — Li (see e.g. Proposition I6.6t| i]) ) . With the same argument used in the proof of Theorem 14. 2 [ we 
can find a line bundle L on the total space X of the semiuniversal deformation n : X ^ Spec Rx such 
that the restriction of C to the central fiber X of tt is isomorphic to L. Clearly, the multiplication by C 
induces an isomorphism 

- C:Ix ^^x. 

the inverse being given by the multiplication by C^^. Since any universal fine compactified Jacobian is 
an open subscheme of , in order to conclude the proof it is enough to prove that for any s G C/ 

(12.15) {-®Cs)gxA^))^^xAf) 

where Cs denotes the restriction of C to the fiber Xs and J x,{^^) (resp. J xAl'^)) the fiber of J x{q) 
(resp. J x{q')) over s (see Theorem l4.2p . If Xs is smooth or irreducible with one node, then (|12.15l) follows 
simply from the fact that |d| + \q\ = \q'\. Suppose now that Xs has a separating node, i.e. Xs consists 
of two smooth curves Zi and Z2 joined in a separating node p. Since p will specialize to a separating 
node of the central fiber X of ir : X Spec Rx, there exists a subset Ji C [r] := {1, . . . , r} with 
complementary subset J2 :— [r] \ Ji such that, with respect to the specialization map of (j4.ip . we 
have (for i = 1,2) 

Y.s{Zi)=%r^x= U Yk. 

keJi 

Using Lemma-Definition 14.11 we get for z = 1, 2 

deg Cs\z. = deg L\y^ G Z, = E 2^ ^ ^' ik = E ^ Z, 

fceJi feGJi fceJi 

which implies, by our choice of the multidegree d, that 

(12.16) <legCs\z^+q%^^f^^. 
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Using Proposition 16. 6tpli)) . we get that the puh-back via the normahzation morphism t : Zi ]J — >■ <-fs 
induces the following isomorphisms 

2 2 
(12.17) J^,(f ) A[]Pi/-.(Z,) and J^, (g'^) A [] Pic^-. (Z,). 

1=1 i=l 

Combining (112. 16p and (|12.17l) , we get that (|12.15p does hold also in the case when Xg has a separating 
node, q.e.d. □ 

The following technical result is a crucial ingredient in the above proof of Theorem D. 

Lemma 12.3. Let S — Spec k[[xi, . . . , Xr]], let be the unique closed point of S and let n : y ^ S be a 
surjective smooth morphism such that Y :~ 7r~^(0) is connected. Let Ti and T2 be two sections of tt and 
assume that there exists an open affine subset Z = Spec (A) C y containing qi := ti(0) and 52 ■— ''"2(0). 

For any affine k-variety V = Spec (B), set S{B) := Spec B[[xi, . . . ,X].]] and let fy : S{B) ^ V be 
the map induced by the natural inclusion B C i3[[a;i, . . . ,0;^]]. Let Try : S{B) x 5 ^ — > S{B) be the base 
change map of "k via the natural map S{B) — >■ fc[[a;i, . . . ,Xr]]- 

Denote by Z = Spec (R) the smooth affine connected variety Z CiY , by the affine line Spec (k[t]) 
over k and let (resp. 1) be the point of defined by the ideal (t) (resp. {t — I)). 

Then there exist two sections Tj (for i — 1,2) o/ttai and a section tz of ttz such that 

(3) ■^Z|/^i(92) = ^2,Ai|4-i(0)' 
U) ^2.Ai|/-i(l) =^2. 

Proof. Let / C j4 be the ideal of Spec (R) in A (i.e. A/I^R). As S* = Speck[[xi, Xi]], any section r of 
TT factors through Spec (A) where A is the /-adic completion of A. Moreover, as Spec(R) is a smooth affine 
variety, it is rigid and its infinitesimal deformations are trivial. As a consequence, A//" = "^{J^^^'x ')"-^ 

for any n G N and A — A/ I[[xi, . . . , a;,-]] = R[[xi, . . . , x,]]. So it will suffice to prove the Lemma assuming 
that y ~ Spec (R[[xi, . . . ,Xi.]]) and that tt : S{R) — Spec (R[[xi, . . . ,Xr]]) — >■ S = Spec k[[xi, . . . ,Xi.]] is 
the map induced by the natural embedding k[[xi, . . . ,Xr]] C R[[xi, . . . ,Xr]]. Under these assumptions, 
we are going to define Tj and tz such that 

(1) ^1 =^l,Ai|/-,i(l)' 

(2) ■^i.Ai|/ri'(o) = '^z\f-^(qi) constant section qi, 

(3) ^z\f-\q2) = '^2,Ai|4-i(o) = constant section 52, 

(4) ^2,Ai|4-i(i) = ^2. 

We define tz : S{R) S{R) X5 S{R) as the diagonal embedding. This definition implies that '''z\f-'-{q) 
is the constant section whose value is q for every q E Z. 

To define : S{k[t]) — S{k[t]) XsS{R) (for i = 1, 2) notice that : 5 -J> S{R) is induced by a mor- 
phism gi : R[[xi, . . . , Xr]] k[[xi, . . . , Xr]] sending the ideal Ji of qi to the maximal ideal of . . . , Xr]]. 
Therefore gi factors through the J^— adic completion R[[xi, . . . ,Xr]] of R[[xi, . . . ,Xr]]. Since Z and tt 
are smooth there exists a . . . , a;^]]— algebra isomorphism -R[[a;i, . . . , Xr]] — k[[xi, . . . , Xg]] for some 

s > r. Summing up, there exist . . . , Xr]]— algebra morphisms 4>i : R[[xi, . . . , Xr]] k[[xi, . . . , Xg]] 

and gi : k[[xi, . . . , Xg]] ^ fc[[a;i, . . . , Xr]] such that gi — gi o (j^i. Using these morphisms we define 

■ k[t][[xi,...,Xr]] <S)kllxi,....x^]] R[[xi,...,Xr]] k[t][[x i , . . . , X r]] <E)k[lxi,...,Xr]] k[[xi , . . . , X g]] 

as the unique fc[t][[a;i, . . . , a;^]]— morphism induced by (pi and 

9zM ■ k[t][[xi,---,Xr]] k[[xi,...,Xg]] > k[t][[xi, . . . , Xr]], 

a{t,Xi,. ..,Xr)® b(xi, . . .,Xr,Xr+l, . . . , X g) ^ a{t,Xi,. ..,Xr) 5^ (6) (xi , . . .,Xr,tXr+l, . . .,tXg). 

Finally, the desired map is obtained as the map induced on spectra by the composition o 

«f'i,Ai ■ □ 

52 



13. Appendix A: Hitchin fibration vs compactified Jacobians of spectral curves 



Let C be a fixed connected smooth and projective curve of genus g over an algebraically closed 
field k and let L be a line bundle on C (often it is convenient to assume that L has high degree, e.g. 
deg L > 2(7 — 2). Fix a natural number r > 1 and an integral number d € Z. 

An L-twisted Higgs pair (or simply a Higgs pair when L is clear from the context) on C is a pair [E, (j)) 
consisting of a vector bundle E on C and a homomorphism (f) : E ^ E ® L (called the Higgs field). The 
degree (resp. the rank) of a Higgs pair {E, 0) is the degree deg E (resp. the rank rk E) of the underlying 
vector bundle E. In the important special case when L — loc, an wc-twisted Higgs pair is simply called 
a Higgs bundle. 

The algebraic stack A4 ~ A4{r, d, L) of all L-twisted Higgs pairs [E, (f)) on C of rank r and degree d 
is endowed with a morphism (called the Hitchin morphism) 

n:M{r,d,L)=M^A = A{r, L) := ®U^H\C, V) 

{E,(f>)^n{E,c^):={ai{E,c^),...,ar{E,^)), 

where a^{E,(j)) := (-l)'Tr(A*(?!)) e H"{C,L'). 

The algebraic (Artin) stack 7W is not of finite type. In order to obtain a space of finite type (and indeed 
a variety), one introduces a semistability condition as follows. A Higgs pair {E,(j)) is called semistable 
(resp. stable) if for all non-trivial proper subsheaves F C. E that are stable with respect to (p (i-e. such 
that (l>{F) C F(^L) we have 

degi^ degi? , 

Observe that, given a Higgs pair {E,(f)), if i? is a semistable (resp. stable) vector bundle then {E,(j)) is 
semistable (resp. stable) but the converse is in general false. 

The coarse moduli space M = M{r, d, L) of S-equivalence classes of semistable L-twisted Higgs pairs 
{E, (j)) of rank r and degree d has been constructed by N. Hitchin |Hit86j using analytic methods (namely 
gauge theory) and later by N. Nitsure |Nit91| using algebro-geometric methods (namely geometric invari- 
ant theory) . The Hitchin fibration (|13.ip restricts to a projective fibration (called the Hitchin fibration) : 

H : Mir, d, L) ^ M ^ A ^ A{r, L) L^) 
{E,cl>)^{ai{E,cl>),...,ar{E,cj))). 

Remark 13.1. In the special case where L = ljc, r and d are coprime (so that there are no strictly 
semistable Higgs pairs) and fc = C, it is known that (see |Hit86] ): 

• M — M{r,d,u}c) is an hyperkahler (non compact) manifold containing, as an open subset, the 
cotangent bundle of the moduli space of stable (= semistable) vector bundles on C of degree d 
and rank r; 

• iJ is an algebraically completely integrable Hamiltonian system. 

The fibers of the Hitchin morphism H and of the Hitchin fibration H can be described in terms of 
compactified Jacobians of spectral curves, as we are now going to explain. Consider the P^-fibration 
p : P = V{Oc ®L*) C and let 0(1) be the relatively ample line bundle on P. We will denote by y the 
section of 0(1) whose pushforward via p corresponds to the constant section (1, 0) of the vector bundle 
^1*0(1) = Oc ® L* . Similarly, we will denote by x the section of 0(1) ®p*{L) whose pushforward via p 
corresponds to the constant section (0, 1) of the vector bundle pH.(0(l)(g)p*(L)) = (Pc®L*)®L = L®Oc- 
Given a = (ai, . . . , a^) G (Bl^iH'^{C, U") = A, the spectral curve Ca associated to a is the projective (but 
possibly singular) curve inside P given as the zero locus of the following section of 0(1) (g)p*(L)": 

x"" +p*{ai) ■ x''-^ ■y + ... +P*{ar) ■ y". 

Remark 13.2. The spectral curve Ca can be very singular (although it has locally planar singularities 
because it is embedded in the smooth surface P), and in particular it is not necessarily reduced nor 
irreducible. The base A of the Hitchin morphism admits two notably open (non-empty if L is sufficiently 
positive, e.g. if is very ample) subsets C A''^*^ C A, called respectively the elliptic locus and the 
regular locus, defined as follows: 

A"^^ := {ae A : Ca is integral}, 
■■= {ae A : Ca is reduced}. 

The study of the topology of the Hitchin morphism restricted to the elliptic locus ^"'^ has played a crucial 
role in B. C. Ngo's proof of the fundamental lemma (see |Ngo06| and |NgolO| ) and, more generally, the 
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study of the Hitchin morphism over the regular locus A'^'^^ was a crucial ingredient in Chaudouard- 
Laumon's proof of the weighted fundamental lemma (see [CLIO) and |CL12| ). 



The restriction of the morphism p : P — > C to Ca is a degree-r finite morphism tTq, : Ca — > C, 
called the spectral cover associated to a £ Note that, since the zero sets of x and y are disjoint 
in P, the restriction of the section y to Ca is everywhere non-zero, which implies that 0{l)\Ca — ^Ca- 
Therefore, the restriction x\Ca. of the section x to Ca can be considered as a section of [p*{L) ® 0{l)]^(j = 
p*{L)\c^ = K{L). 

Fact 13.3 (Beauville-Narashiman-Ramanan jBNR89| . Shaub [Sch98])- LetaeA = ®\^^H°{C,U) and 
consider the associated degree-r spectral cover tTq : Ca — >■ C . 

(i) There is a bijective correspondence 

( Torsion-free rank-1 sheaves I on Ca\ ( Higgs pairs {E, (j)) on C of degree d and rank r 
of degree d + deg L J such that T-L{E^ 4>) = 9i 

obtained by associating to a torsion-free rank-1 sheaf I on Ca the Higgs pair n(/) = {E, (f>) on C 
consisting of the vector bundle E (7r£i)*(/) on C together with the Higgs field (j) : (7ra)*(/) — > 
i'^a)*il) ® L = {'Ka)*{I ® '^*a{^)) g^ven by the multiplication with x^q^ G H^{Ca, 7r*(L)). 
(ii) Given a torsion-free rank-1 sheaf I on Ca, then n(/) is a semistable (resp. stable) Higgs pair on 
C if and only if I is semistable (resp. stable) with respect to the polarization q- on Ca given by 

deg / 

(13.3) := deg(7ra|^) for any subcurve Z C Ca. 

(Hi) Assume that a e A'^'^^ (i.e. Ca is a reduced curve) and that q— is a general polarization in the 
sense of Definition \2.6\ (i.e. every torsion- free rank-1 sheaf on Ca which is q— -semistable is also 
q--stable). Then the bijective correspondence 11 gives rise to an isomorphism 

(13.4) lcAf-)^H-\a), 

where Esteves 's fine compactified Jacobian of the reduced curve Ca with respect to the 

general polarization q- ( see Section [ 



Proof. Part Q is proved in |BNR89[ Prop. 3.6] under the hypothesis that the spectral curve Ca is 
integral and in |Sch98[ Prop. 2.1] for an arbitrary spectral curve. 
Part (ini is a reformulation in our language of }Sch98[ Thm. 3.1]. 

Part fill)) follows from (jn]) and the fact that the bijective correspondence 11 of (|I]) does hold in families 
as well (see |Sch98l Prop. 5.1]). 

□ 

Remark 13.4. Note that if d and r are coprime, then for every a ^ A the polarization q- on Ca is general 
since there are no strictly semistable Higgs pairs, hence no strictly semistable torsion-free rank-1 sheaves 

on Ca by Fact [H^P . 

In the general case, Chaudouard-Laumon |CL10] have introduced, after taking a suitable cover of 
A'^'^^, alternative semistablity conditions on the stack A4 of Higgs pairs, for which there are no strictly 
semistable objects. The moduli spaces defined by these new semistability conditions are such that the 
fibers of the associated Hitchin fibrations are always isomorphic to Esteves's fine compactified Jacobians. 

The Hitchin fibration p3.2p in the case L = loc is conjectured to satisfy the following autoduality 
property, which can be viewed as a "classical limit" of the (conjectural) geometric Langlands correspon- 
dence (see [DP12[ Sec. 2] for a discussion of the geometric Langlands correspondence and the passage 
to the classical limit). 

Conjecture 13.5 (Langlands duality for the Hitchin fibration). Let M = M.(d,r,uJc) be the moduli 
space of S- equivalence classes of Higgs bundles of rank r and degree d and let H : M ^ A be the Hitchin 
fibration (|13.2I) . Then there exists a universal Poincare sheaf V on M x^^M such that the Fourier-Mukai 
transform with kernel V 

$^ : D\M) D^M) 
is an auto- equivalence of the bounded derived category D^{M) of coherent sheaves on M . 
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More precisely, the above auto-equivalence $^ is expected to intertwine the action of the classical 
limit tensorization functors with the action of the classical limit Hecke functors (see [DP12[ Conj. 2.5] for 
a precise formulation). In loc. cit., a more general Langlands duality is conjectured to hold between the 
moduli space of G-Higgs bundles (for G any reductive group) and the moduli space of ^G-Higgs bundles, 
where ^G is the Langlands dual of G. Conjecture 113.51 is the special case in which G = GL^ = ^G. In 
[DP121 Cor. 5.5], Donagi-Pantev proved Conjecture 113.51 fand its generalized version for any reductive 
group G) over the open subset of A where the Hitchin fibration H is smooth, or equivalently over the 
open subset of A parametrizing smooth spectral curves. 

By restricting to the fibers of the Hicthin fibration (|13.2p . Conjecture 113. 51 should imply the following 
autoduality result. 

Conjecture 13.6 (Fiberwise Langlands duality for the Hitchin fibration). Same notations as in Con- 
iecture [l3.5l For any a€ A, the Fourier-Mukai transform with kernel Va ^|H-i(a) 

: D\H-^{a)) ^ D\H-\a)) 

is an auto- equivalence of the bounded derived category D^{H^^{a)) of coherent sheaves on H^^{a). 

Several particular cases of Conjecture 113.61 are known: 

• If a G ^ is such that Ca is smooth, then H~^{a) is isomorphic to the Jacobian of Ca (by Fact 
I13.3tliii|) ) and therefore this boils down to the celebrated result of S. Mukai |Muk81) . 

• If a G i.e. if the associated spectral curve Gq is integral, then H~^{a) is isomorphic to the 
compactified Jacobian of Gq (by Fact I13.51pli)) ) and therefore Conjecture 113.61 follows from the 
work of A. Arinkin [Ari] . 

• If a G A'^'^^, i.e. Ca is reduced, and q- is a general polarization on G- (for example, if d and r are 
coprime by Remark 113. 4p . then H~^{a) is isomorphic to a fine compactified Jacobian of Ca (by 
Fact ll3.5tpTi1) ) and therefore Conj ecture 113.61 follows from Theorem E of the introduction (whose 
proof will appear in |MRV2] ) . 

14. Appendix B: Fully faithfulness criteria (by Ana Cristina Lopez Martin) 

Given a scheme X quasi-projective over an algebraically closed field fc, denote by D{X) the derived 
category of complexes of Ojf-modules with quasi-coherent cohomology sheaves and by D^{X) C D{X) 
its bounded derived subcategory. We will use the subscript c to refer to the corresponding subcategory 
of complexes of Ox-modules with coherent cohomology sheaves. 

Given another scheme Y quasi-projective over fc, consider the following commutative diagram 



X xY 




X Y 




Spec k 

If JC' is an object in D{X x Y), the integral functor with kernel JC' is the functor 

<^>'^\y:D{X)^D{Y) 

In the case that the kernel K.' is a line bundle V on X x Y, the functor $x-i-Y maps D^{X) to D^{Y). 
Observe that, if p2 is not a proper morphism (as in the case we are interested in), an integral functor 
might not preserve coherence so that it is important to work with D (or D^) instead of Dc (or _Dj). 

The aim of this Appendix is to prove two fully faithful criteria for integral functors, one in characteristic 
zero and a variant of it valid in arbitrary characteristic; the second criterion is used in the proof of 
Theorem A. Before stating the criteria, let us collect some lemmas that will be used in the proof. 

Lemma 14.1. Let X and Y he quasi-projective k-schemes. Suppose that X is smooth and connected 
and Y is projective connected and Gorenstein of dimension n and denote by LOy its dualizing sheaf. Let 
V be a line bundle on X xY and denote by its dual line bundle. Then, the integral functor 

^I'^^Pl-'^M Ijb^Y) ^ D\X) 
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is a left adjoint to the functor <^x^Y ■ D^{X) D^{Y). 
Proof. There is a chain of isomorphisms 

HomDb(Y)(^-,$^^Y(-^*)) - HomDb(xxY)(LP2e^*,Pt-^* «'^) - 

~ HomDb(xxY)(Lp;e- ^ r\^lT') ^ 

~ HomDb(xxY)(LP25' ® ^* ® P2^Y[n],PiJ^*) ~ 

^HomD.(x)('i>y;^''^"^'"'(e-),^-). 

where the first isomorphism is the adjunction formula between the derived inverse and the derived direct 
images (see for instance ^BBH08[ Prop A. 80]), the second is ^Har66. Proposition 5.16], the third foUows 
from (C.2) in |BBH08| taking into account that Y is Gorenstein of dimension n, and the forth is obtained 
by applying Grothendieck's duality to the projective morphism pi: X x Y ^ X . □ 

For any closed point x & X denote by ^{x) the skyscraper sheaf supported at x. Notice that it is a 
perfect complex if X is a smooth scheme. 

Lemma 14.2. Let j : Y ^ X be a closed immersion of smooth irreducible quasi-projective k-schemes 
of dimensions n and m, respectively, and set d := m ^ n. Let 7^ /C' G D^^[X) be a hounded complex 
with coherent cohomology sheaves. For any closed point x E X denote by : {x} X the natural 
immersion. Then, if 

L^j*/C-2.Hom--^)(k(x),/C-) = 
unless X eY and i £ [0, d], then K.' K, is a sheaf on X and supp/C = Y (topologically). 
Proof. This follows from Proposition 1.5 of |B095| (see also Proposition 1.6 in [San09| ). □ 
The following lemma was proved in |Bri99i for projective schemes. The proof here is similar. 

Lemma 14.3. Let S and X be quasi-projective k-schemes of finite type, and let T be a coherent sheaf 
on S X X flat over S and schematically supported on a closed scheme Z ^ S x X . Suppose that for 
every closed point s E S, the restriction Fs of T to the fiber Xg is topologically supported at a single 
point X E X and that 

Homx(J"s,k(x)) ~ k. 

Then J- j^C for a line bundle C on Z . 

Moreover, ?/ char(fc) = and for all pairs of distinct points Si,S2 G S the sheaves J-g-^ and J-g^ are 
not isomorphic, then the Kodaira- Spencer map of the family J- is injective at some point s E S . 

Proof. Let us see first that for any closed point s E S the sheaf is the structure sheaf of a zero 
dimensional scheme with support at x. For this it is enough to prove that there is a surjective morphism 
Ox — J^s- Indeed, consider non-zero morphisms g: J-g k(a;) and /: Ox J-g. If the morphism / is 
not surjective, its cokernel is a non-zero sheaf topologically supported at x. Then, there is a non-zero 
morphism Coker / — > k(a;) that induces another non-zero morphism h: J-g ^ ^{x) such that ho f = Q. 
Since Homx(.7^3, k(x)) ~ k, one has that g o f = so that any non surjective morphism / takes values 
on Ker g. However, since we have the following exact sequence of sheaves supported at x 

^ Ker 5 j; k(a;) ^ 

there is some / E H^{J-'s) such that / ^ iJ'^(Kcr g). The corresponding morphism /: Ox ^ is such 
that 50/^0, and thus it is surjective. 

Let s £ S* be a closed point. Since Fg is topologically supported at x, we may assume, up to shrinking 
S, that S is affine and that the support of F is included in x S* for a suitable affine neighborhood 
V of x E X. Since x S' is affine and the natural map of sheaves — > is surjective, then the 
restriction morphism H°[X x 5, J") = H^{V x S,T) ^ H°[V x S,Tg) = H°{Xg,Tg) is also surjective. 
Therefore, there exists a global section cr of J-" mapping to /. For a suitable open neighborhood U of s, 
(7(7 : Ou — )■ Tjj is still surjective, that is J-y ~ Ozu j where Zjj = Z Ci {U x X), which proves that is a 
line bundle on its support. 

Taking into account that the Hilbert scheme Hilb(X) of zero-dimensional subschemes of X exists 
also when X is a quasi-projective scheme (see |FG AIV] ) . the proof of the second statement is equal 
to that of Lemma 1.23 in (BBHOSj : the sheaf Tjj induces a map a: U Hilb^(X) to the Hilbert 
scheme of zero-dimensional subschemes of X whose Hilbert polynomial P is equal to that of the sheaf 
J-g. The morphism a is characterized by the property ~ (a x id)*Q where Q is the universal sheaf 
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on Hilb^(X) X X. By the hypothesis, a is injective on closed points and, since the base field k has 
characteristic zero, the tangent map Tga: TgU — ^ T„(5)Hilb^(X) is injective at least at one point s ^ S. 
Moreover, the Kodaira-Spencer map KSs{J') at s for J-jj is the composition of the tangent map Tga 
with the Kodaira-Specer map for the universal family Q. Since the later is an isomorphism because of 
the universality of Q, we conclude that KSs{J^) is injective. □ 

Lemma 14.4. Let X and Y be quasi-projective k-schemes and let J- be a coherent sheaf on X x Y 
flat over X. Let x be a closed point of X and set Tx '■= J'\{x}xY- Then the associated integral functor 
$ = ^x-^Y induces a morphism 

$: Ext^(k(x),k(x)) ^Exti($(k(x)),$(k(x))) =Ext^(j;, j;) 
which coincides with the Kodaira-Specer morphism for the family T . 

Proof. The proof is the same as in Lemma 4.4. of |Bri99j . □ 

The main technical result of this appendix is the following criterion (valid in characteristic zero) for an 
integral functor to be fully faithful. Its proof follows the line of Bondal-Orlov's criterion (see Theorem 1.1 
of jB095p and its subsequent generalizations: Theorem 1.22 in [HLS07) . Theorems 3.6 and 3.8 |HLS09) 
and Theorem 2.3 in |San09| . 

Theorem 14.5. Let X and Y be two schemes quasi-projective over an algebraically closed field k such 
that char(fc) = 0. Suppose that X is smooth and connected and Y is projective connected and Gorenstein. 
Let V be a line bundle on X x Y . Suppose that the following conditions are satisfied: 

(1) Hompb(Y) (*J'x^Y(k(^))i "J^x^vl^ly)) = /'^'^ '^"■2/ x,y £ X , unless x — y and < i < dimX. 

(2) HomO,(Y)(*x^Y(k(x)), <i>^^Y(k(x)) = k for any x e X. 
Then, the integral functor $x-!-y • T)^{X) — S> D^{Y) is fully faithful. 

Proof By LemmafHU $ = has a left adjoint G = where n is the dimension of Y . 

By Proposition 1.18 in fHLSOTj , to prove that 3> is fully faithful it is sufficient (and necessary) to prove 
that the composition G o $ is fully faithful. This composition is still an integral functor; let us denote 
by M' e D^(X X X) lis kernel. 

The strategy of the proof is as follows: first we are going to prove that condition (1) in the statement 
implies that the complex A^* is isomorphic to a single sheaf M. topologically supported on the image A 
of the diagonal immersion 5: X X x X . Next, using condition (2) in the statement, we show that J\A 
is the push-foward of a line bundle A/" on a closed scheme Z oi X x X. Then we prove that Z coincides 
with A. So, the functor $^ := ^'x'-^x given by tensoring by N and then it is fully faithful. 

(a) M.' is a single sheaf M. topologically supported on the image A of the diagonal morphism 5: X ^ 
X X X. 

Indeed, by the convolution formula, one has that 

M' = R7ri3,47ri*2P ® 7r*3(P"^ ® p*a;y [n])) 

where 7ri2, 7r23 and ttis are the natural projections oi X xY x X onto the corresponding factors. Being 
7ri3 a base change of g: y — > Spec k, it is a projective morphism so that Rttis^* sends coherent sheaves 
to coherent sheaves, and then the complex M.' belongs to D^ci^ ^ ^) ^^.d we can make use of Lemma 

MM 

For any closed point x ^ X, denote by jx ■ {x} ^ X and ix '■ {x} x X ^ X x X the natural inclusions. 
Fix a closed point (a; 1,^2) G X x X. Then, we have 

HXLj:.*-^*(k(2;i))^) ^Homi3„,^„(Lj:^$-^*(k(xi)),k(x2)) ^ 

^Homi3(x)(*^*(k(xi)),k(x2))^ 

^Homi3(Y)(<f(k(xi)),<i>(k(x2))). 

The first condition on the hypothesis implies that this is zero unless xi — X2 and < i < dimX. 
Since X is a smooth scheme, the skyscraper sheaf k(x2) at X2 is a l.c.i. zero cycle, so that the complex 
Lj*^$^ (k(a^i)) is bounded with coherent cohomology because so is M.'. Being X2 a zero-dimensional 
Gorenstein scheme, — k(a;2) is an injective object and then, using (1.7) in |HLS07) . we have 

n\Lr^^^^\k{xi)r)^wiLj:^'i>^'ikix,)r) ^ 

7^-XLj*,$^*(k(xi)) ^ L^j*,($-^*(k(xi))) . 
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By applying Leniina ri4.2l to the closed immersion j^^ : {a^i} ^ X, one has that the complex (k(a;i)) ~ 
Li*^A1* is a sheaf topologically supported at {a;i}. Then, using Lemma 4.3 in |Bri99| . we get that 
M' ~ M where is a sheaf on X x X flat over X by the first projection tti: X x X ^ X. More- 
over, since Lz*7M = i'^M is topologically supported on {x} for any closed point x of X , the sheaf M 
is topologically supported on the diagonal A (a closed subscheme oi X x X because X is a separated 
scheme). 

(b) Denote hy S: Z ^ X x X the schematic support of , so that A4 ~ d^,J\f for a coherent sheaf Af 
on Z. Let us see that Af is a line bundle. For every closed point x £ X, we know that i*A^ ~ <i>^(k(a::)) 
is topologically supported at {x} and by the hypothesis 

Homx('i>-^(k(x)),k(x)) 2. Hom5?,.(Y)(<I'x^Y(k(x)),$^_Y(k(x))) = k. 

By Lemma [14.31 A/" is a line bundle. 

(c) The scheme Z coincides with A. 

The diagonal embedding 6: X ^ X x X factors through a closed immersion t: X '-^ Z which 
topologically is a homeomorphism and we know that A4 ~ (5* A/" is flat over A by tti : A x A ^ A. Then 
TV is flat over A by the composition tTi = tti o 5 and since ifi is a finite morphism, this implies that 
TTi^JV ~ TTi^AI is a locally free sheaf. In order to show that Z = A, it is enough to show that tti^A^ is 
a line bundle. Since we know that tti^AI is a locally free sheaf and since A is connected, it is enough 
to show that $-^(k(a;)) ~ k(x) for some closed point x £ X. Given a closed point x £ A, consider the 
morphism <i>^(k(a::)) — > k(a;) given by adjuntion and let us denote by K-x is kernel. It suffices to 
find a closed point x € X such that Homx(/Cx, k(x)) = 0. Take homomorphisms in k(a;) from the exact 
sequence 

O^JCx^^-^ (k(a;)) k{x) . 
Since, by Lemma 114.41 the morphism 

<i>^ : Homi,(x)(k(x), k(x)) ^ Homi,(x)(1>^(k(x)), (k(x))) 

is the Kodaira-Spencer map for the family A^, it is injective at some point a; G A by Lemma [14.31 (using 
char(fc) = 0) and the result follows. □ 

The hypothesis that char(fc) — cannot be removed in the above Theorem 114.51 as it is observed in 
[HLS071 Rmk. 1.25]. However, if we add one more assumption, then we get the following variant of 
Theorem 114.51 which is valid in arbitrary characteristic. 

Theorem 14.6. Let X and Y be two schemes quasi-projective over an algebraically closed field k (of 
arbitrary characteristic) . Suppose that X is smooth and connected and that Y is projective connected and 
Gorenstein of dimension n. Let V be a line bundle on X x Y and denote by 'P~^ its inverse. Suppose 
that the following conditions are satisfied: 

(1) IIompb(-Y)(*J'x^Y(k(x)), ^x-i-ylkly))) = for any x,y G X, unless x — y and < i < dimA. 

(2) HomO,(Y)(<I'x^Y(k(x)), $^^Y(k(x))) = k for any xeX. 

(3) There exists a closed point x £ X such that ^^^^^Pa'^i'l"] ^ ^^^y^ (k(a;)) = k(x). 
Then, the integral functor ^^^y ■ — > D^{Y) is fully faithful. 

Proof. In the proof of Theorem 114.51 the only place where the assumption char(fc) = is used, is in 

finding a closed point a; e A such that ^^(k{x)) = k(x). Since = o '^x^y by 

definition, the existence of such a closed point x is now guaranteed by the condition (3). □ 
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